Mathematica 11.3 Integration Test Results

Test results for the 538 problems in "7.3.4 u (a+b arctanh(c x))*p.m

Problem 4: Result more than twice size of optimal antiderivative.
J(d+cdx) (a+bArcTanh[cx]) dx
Optimal (type 3, 44 leaves, 4 steps):

bd x d(1+cx)2(a+bAr‘cTanh[cx]) bdLog[l-cx]
+ +
2 2¢c C

Result (type 3, 95leaves):

x 1 )
+—acdx®+bdxArcTanh[c x] +
2 2

adx+

bdlog[1-cx] bdLlog[l+cx] bdlLog[1l-c?x?]
+ - +
4c 4c 2c

1 2
—bcdx®ArcTanh[c x]
2

Problem 72: Result unnecessarily involves imaginary or complex numbers.

(d+cdx) (a+bArcTanh[cx] )2
J dx

X

Optimal (type 4, 191 leaves, 13 steps):

2 2 2 2
d (a+bArcTanh[cx])®+cdx (a+bArcTanh[cx])*+2d (a+bArcTanh[cx])?ArcTanh|1 - . | -
-cx
2bd (a+bArcTanh[cx]) Log| | -b?>dPolyLog[2, 1- ] -
1-cx 1-cx
bd (a+bArcTanh[cx]) Polylog|2, 1- | +bd (a+bArcTanh[cx]) PolyLog[2, -1+ |+
1-cx 1-cx

1
~b?dPolylog|3, 1-
2 1-cx

} _

[
1
~b?dPolylog(3, -1+ ]
2 l1-cx

Result (type 4, 228 leaves):
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d [azcx+a2 Log(cx] +ab (2cxArcTanh[cx] +Log[1-c*x?]) +

b? (ArcTanh[cx] ((-1+cx) ArcTanh[cx] -2 Log[1+ e 2ArcTanhicx]]) 4

Polylog|2, e 2Ar<Temicx)])  ab (-Polylog[2, -cx] + Polylog[2, cx]) +
i 3
24
Log[1 - e2ArcTanhiex] |, ApcTanh [c x] PolyLog |2, -e 2ArcTanhicx] | ApcTanh[c x]

b2

2
- = ArcTanh[c x]? - ArcTanh[c x]? Log |1 + e 2Ar<Tanhlex] | 4 ArcTanh [c x]2
3
1 1
Polylog [2, @2 ArcTanh [cx] ] + = Polylog [3, _ @-2ArcTanh[cx] ] - —PolylLog [3) @2 ArcTanh[cx] ] J ]
2 2

Problem 73: Result unnecessarily involves imaginary or complex numbers.

(d+cdx) (a+bArcTanh[cx])?
J dx

X2

Optimal (type 4, 201 leaves, 12 steps):

5 d(aerAr‘cTanh[cx])2 5 2
cd (a+bArcTanh[cx])?- +2cd (a+bArcTanh[cx])?ArcTanh|1 - ]+

X 1-cx

2bcd (a+bArcTanh[cx]) Log[2 - | -bcd (a+bArcTanh[cx]) PolylLog|2, 1- |+
1+cx 1-cx
bcd (a+bArcTanh[cx]) PolyLog|2, -1+ | -b?cdPolyLog[2, -1+ 2 +
1-cx 1+cx

1 1 2
~b?cdPolyLog(3, 1- | - =b*cdPolylog|3, -1+ ]
2 1-cx 2 1-cx

Result (type 4, 249leaves):

1
-=d

a’-a’cxlog[x] +ab (2ArcTanh[cx] +cx (-2Log[cx] +Log[1-c2x?])) +
X

b® (ArcTanh[cx] ((1-cx) ArcTanh[cx] -2cxLog[1-e 2ArcTanhicx)])

cxPolyLog[2, e 2Ar<Tenniexi]) 4 abcx (PolyLog[2, -cx] - Polylog([2, cx]) -
) i3
b- c x

2
- = ArcTanh[c x]? - ArcTanh[c x]? Log |1 + e 2Ar<Tanh(ex] | 4 ApcTanh[c x]2
24 3

Log[1 - e2ArcTanhiex] |, ApcTanh[c x] PolyLog|2, -e 2ArcTanhicx] ] ApcTanh[c x]

PolyLog [2, @2 ArcTanh[cx] ] i 1 Polylog [3) _ @ 2ArcTanh [cx] ] _ 1 Polylog [3) @2ArcTanh [cx] ] J ]
2 2

Problem 80: Result unnecessarily involves imaginary or complex numbers.

(d+cdx)2 (a+bAr‘cTanh[cx}>2
J dx

X

Optimal (type 4, 278 leaves, 19 steps):
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3
abcd?x+b%cd?xArcTanh[c x] + — d? (a+bAr‘cTanh[cx])2+2cd2x (a+bAr‘cTanh[cx})2+

2
lc2 d*x? (a+bArcTanh[cx])?+2d? (a+bArcTanh[cx])?ArcTanh[1 - 2 ]-
2 1-cx
4bd® (a+bArcTanh[cx]) Log| ]+lb2d2Log[1—c2x2]—
l1-cx 2

2b? d? PolyLog[2, 1 - | -bd? (a+bArcTanh[cx]) PolyLog|2, 1 - ]+

1-cx 1-cx

2
bd?* (a+bArcTanh[cx]) PolylLog[2, -1+ |+
1-cx

1 1 2
—b*d?Polylog[3, 1- | - =b?d?Polylog|3, -1+ ]
2 1-cx 2 1-cx

Result (type 4, 324 leaves):

1
= d? (4a2cx+a2c2x2+2a2 Log[cx] +ab (2cx+2c®*x*ArcTanh[cx] + Log[1-cx] -Log[l+cXx]) +
2
4ab (2cxArcTanh[cx] +Log[1-c*x?|) +
b%> (2 cxArcTanh[cx] + (-1+c*x*) ArcTanh[c x]? + Log[1-c? xz]) +
4b? (ArcTanh[cx] ((-1+cx) ArcTanh[cx] -2 Log[1+e 2ArcTanhicx] ]
Polylog |2, —e 2Ar<Temiexl]) + 2 ab (-Polylog[2, -cx] +Polylog[2, cx]) +

i3

2
- = ArcTanh[c x]? - ArcTanh[c x]? Log |1 + e 2A"<Tan(ex] ], ApcTanh[c x]2
24 3

Log[1 - e2Ar<Tanhiex] |\ ApcTanh[c x] PolyLog |2, -e 2ArcTanhicx] ] ApcTanh[c x]

2 b?

1 1
Polylog [2, @2 ArcTanh [cx] ] + = Polylog [3, _ @-2ArcTanh[cx] ] - —PolylLog [3) @2 ArcTanh[cx] ] J ]
2 2

Problem 81: Result unnecessarily involves imaginary or complex numbers.

(d+cdx)? (a+bArcTanh[cx])?
J dx

XZ

Optimal (type 4, 283 leaves, 17 steps):

, d?(a+bArcTanh[cx])?
2cd® (a+bArcTanh[cx])* -

+
X

2

c*d*x (a+bArcTanh[cx] )2 +4cd® (a+bArcTanh[cx] )zAr‘cTanh[l—

],

] +2bcd® (a+bArcTanh[cx]) Log|2-
1-cx 1+cx

|+

1-cx

2bcd? (a+bArcTanh[cx]) Log|

],

b? c d? PolyLog[2, 1 -

| -2bcd® (a+bArcTanh[cx]) Polylog[2, 1-

1-cx l-cx
2 2 2 .42 2
2bcd <a+bAr'cTanh[cx]) PolyLog[Z, -1+ ]—b cd PolyLog[Z, -1+ +
l-cx l+cx
2
b? ¢ d* PolyLog|3, 1 - | -b?cd?Polylog(3, -1+ ]
1-cx 1-cx

Result (type 4, 341 leaves):
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1
——d? (-12a%+i b’ c® x+12a% ¢ x* - 24abArcTanh[c x] + 24 ab c*x* ArcTanh [c x] -
12 x

12 b? ArcTanh[c x]2 + 12 b% c? x> ArcTanh[c x]2 - 16 b2 c x ArcTanh[c x] 3 +

24 b? c x ArcTanh[c x] Log[1 - e 2ArcTanhlex] ] _ 24 p2 ¢ x ArcTanh[c x] Log |1 + e 2ArcTanhlex) |
24b? c x ArcTanh[c x]? Log |1 + e 2AreTanh(ex] | 4 24 b2 ¢ x ArcTanh [c x] 2 Log |1 - e?ArcTanhlex] |
24a?cxLlog[x] +24abcxlogcx] +12b?cx (1+2ArcTanh[cx]) Polylog[2, -e 2ArcTanhiex] | _
12 b% c x Polylog |2, e 2ArcTanhlcx] ] 4 24 b2 ¢ x ArcTanh [c x] PolyLog[2, e2ArcTanhicx] |
24abcxPolylLog[2, ~cx] +24abcxPolyLog[2, cx] +

12b? c x Polylog[3, -e 2A™Tamhlexl ] _ 12 b2 c x PolylLog |3, e?ArcTannicx] )

Problem 82: Result unnecessarily involves imaginary or complex numbers.

dx

J<d+CdX)2 (a+bAr‘cTanh[cx}>2
3

X

Optimal (type 4, 313 leaves, 20 steps):

bcd? (a+bArcTanh[c x] 5 d? (a+bArcTanh[c x])?
- ( ) + = c?d? (a+bAr‘cTanh[cx])2— ( ) -
X 2 2 x?

2cd? (a+bArcTanh[cx])? 2
( ) +2c*d? (a+bArcTanh[cx])?ArcTanh[1 - |+
X 1-cx

1 2
b® c?d® Log[x] - —b®c?d” Log[1-c*x?| +4bc*d® (a+bArcTanh[cx]) Log|2 - ] -
2 1+cx

bc*d® (a+bArcTanh[cx]) Polylog|2, 1-

l1-cx
2
bc?d? (a+bArcTanh[cx]) PolylLog[2, -1+ | -2b%c?d?Polylog|2, -1+ ]+
l-cx l+cx
1 2 2 42 1 2 2 42 2
—b“c°d PolyLog{B, 1- ]—fb c-d PolyLog[B, -1+ }
2 1-cx 2 1-cx

Result (type 4, 370leaves):

2 x2

ab (2ArcTanh[cx] +cx (2+cxlog[l-cx] -cxLlog[l+cx]))+

1
- —d? (a2+4a2cx2a2c2x2Log[x} +

cx
2 cxArcTanh[cx] + (1-c?x?) ArcTanh[cx]? -2 c?x? Log[ —— || +

1-c?x?

bZ

4abcx (2ArcTanh[cx] +cx (-2Log[cx] +Log[1-c?x?])) +
4b?cx (ArcTanh[cx] ((1-cx)ArcTanh[cx] -2 cxLog[1- e 2ArcTannlex]]) 4
c x Polylog[2, e 2Ar<Temniexl ) 4 2 ab c?x* (Polylog[2, -cx] - PolylLog([2, cX]) -

3
2
2b2c2x? | —— - —ArcTanh[c x]? - ArcTanh[c x]2 Log[1 + e 2ArcTanhlex] |, ApcTanh [c x] 2
24 3
Log[1 - e?AreTanhiex] | 4 ApcTanh[c x] Polylog|2, - e 2ArcTanhiex] ], ArcTanh[c x]

PolyLog [2, @2 ArcTanh[cx] ] i l Polylog [3, _ @ 2ArcTanh [cx] ] _ l Polylog [3) @2ArcTanh[cx] ] J ]
2 2
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Problem 88: Result unnecessarily involves imaginary or complex numbers.

(d+cdx)3 (a+bAr‘cTanh[cx]>2
J dx

X
Optimal (type 4, 355Ileaves, 28 steps):

1 1
3abcd3x+ =b%2cd®x-=b2d3ArcTanh[c x] +3b%cd®xArcTanh[cx] +

3 3
lbc2d3x2(a+bAr‘cTanh[cx])+£d3(a+bAr‘cTanh[cx])2+
3 6
3cd3x<a+bAr‘cTanh[cx})2+ic2d3x2(a+bAr‘cTanh[cx})2+
2
logy (a+bArcTanh[cx])?+2d? (a+bArcTanh[cx])?ArcTanh|[1 - 2 |-
3 1-cx
20 3
~—bd’® (a+bArcTanh[cx]) Log| | + =b2d’ Log[1-c?x?] -
3 1-cx 2
1 b? d® Polylog|2, 1- ] -bd® (a+bArcTanh[cx]) PolylLog|2, 1- |+
3 1-cx 1-cx
2
bd® (a+bArcTanh[cx]) Polylog[2, -1+ ]+
1-cx
1 1 2
~b?d?PolyLog|[3, 1- | - =b?d*Polylog(3, -1+ ]
2 1-cx 2 1-cx

Result (type 4, 448 leaves):

1
—d® (ib*s?+72a’cx+72abcx+8b*cx+36a’°c*x*+8abc®x’+8a’c®x’-8b*ArcTanh[cx] +
24

144 abc x ArcTanh[c x] + 72b%2 c x ArcTanh[c x] + 72 ab c? x? ArcTanh[c x] +

8 b2 c?2x?ArcTanh[c x] +16ab c®x® ArcTanh[c x] - 116 b2 ArcTanh [c x] 2

72 b2 c x ArcTanh[c x]2 + 36 b? ¢2 x?> ArcTanh [c x]2 + 8 b2 c® x® ArcTanh[c x]2 - 16 b% ArcTanh[c x] 3 -
160 b ArcTanh [c x] Log[1+e’2A"CTa”h[CX | -24b?ArcTanh[cx]? Log[1 + e 2ArcTanhlex] ]

24 b? ArcTanh[c x]? Log[1 - e?ArcTanhiexl ], 24 32 Log[cx] +36abLog[l-cx] -
36abLog[1+cx}+72abLog[1— 2x?] +36b? Log|1 c2x2]+

8ablog|[-1+c®>x?] +8b” (10 + 3ArcTanh[c x] ) PolylLog|2, - e 2ArcTanhlcx]]
24 b? ArcTanh [c x] PolyLog[2, eArcTanhicx] } 24 abPolylog[2, -cx] +
24 abPolylog[2, cx] +12b?Polylog[3, -e2A™Tanicx] | _ 12 b2 polylog|3, e?ArcTanhiex] |)

Problem 89: Result unnecessarily involves imaginary or complex numbers.

(d+cdx)? (a+bArcTanh[cx])?
J dx

XZ

Optimal (type 4, 361 leaves, 23 steps):
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7
abc”d®x+b*c*d®xArcTanh[cx] + —cd® (a+bArcTanh[c x})zf
2

d®> (a+bArcTanh[cx])?

1
+3c?d®x (a+bArcTanh[cx])?+ = c>d®*x* (a+bArcTanh[cx])?+
X 2
]+

6 cd® (a+bArcTanh[cx])?ArcTanh|1 - ] -6bcd® (a+bArcTanh[cx]) Log|

1-c¢cx 1-c¢cx

lb2cd3 Log[1-c®>x*| +2bcd® (a+bArcTanh[cx]) Log|2- 2 | -
2 l1+cx

3b?cd’PolyLog[2, 1-

| -3bcd® (a+bArcTanh[cx]) Polylog[2, 1 -

} +

1-cx 1-cx
2
3bcd’® (a+bArcTanh[cx]) Polylog[2, -1+ | -b2cd®Polylog|2, -1+ +
1-cx l+cx
3.2, 43 3.2 43 2
~b?cd’Polylog|3, 1- | - =b?cd®Polylog|3, -1+ ]
2 l1-cx 2 l1-cx

Result (type 4, 479 leaves):
Sid3 (-8a*+ib*c®x+24a*c*x*+8abc?x*+4a°c? x> -16abArcTanh[cx] +
X

48 abc?x?ArcTanh[c x] +8b% c?x? ArcTanh[c x] +8abc3x3ArcTanh[cx] -
8 b2 ArcTanh[c x]2-20b? c x ArcTanh[c x]2% + 24 b? c? x? ArcTanh[c x] % +
4b? c x> ArcTanh[c x]2 - 16 b? ¢ x ArcTanh [c x]3 + 16 b2 ¢ x ArcTanh [c x] Log|[1 - e 2ArcTanhiex) |
48 b? c x ArcTanh[c x] Log[1 + e 2ArcTanhlcx] ] _ 24 b2 ¢ x ArcTanh [c x]? Log |1 + e 2ArcTanhlex) ]
24b? c x ArcTanh[c x]? Log |1 - e2Ar<Tanhlcx] ] 4 24 a2 c x Log[x] +16abcx Log[cx] +
4abcxlog[l-cx]-4abcxLlog[l+cx] +16abcxLlog[l-c?x?]| +
4b?cxLlog|[l-c?x?| +24b%cx (1+ArcTanh[cx]) PolylLog|2, —e 2ArcTanhicx] ] _
8b? c x PolylLog[2, e 2ArcTanhiex] ] 4 24 b2 ¢ x ArcTanh[c x] Polylog |2, e?ArcTanhiex] ] _
24abcxPolylLog[2, -cx] +24abcxPolyLog[2, cx] +
12b? c x Polylog[3, —e 2ArTanhiexl | _ 12 b2 c x PolyLog |3, e2ArcTannicx] )

Problem 90: Result unnecessarily involves imaginary or complex numbers.

(d+cdx)® (a+bArcTanh[cx])?
J dx

x3

Optimal (type 4, 385 leaves, 25 steps):
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bcd® (a+bArcTanh[c x] 9
- ( ) + = c?d? (a+bAr‘cTanh[cx])2—
X 2

d®> (a+bArcTanh[cx])?> 3cd? (a+bArcTanh(c x])2

+cd®x (a+bArcTanh[cx])?+
2 x? X

6 c>d® (a+bArcTanh[cx] )zAr‘cTanh [1- | +b%c?d® Log[x] -

1-c¢cx

}—lb2c2d3Log[1—c2x2} +

2bc?d® (a+bArcTanh[cx]) Log|
1-cx 2

6bc?d® (a+bArcTanh[cx]) Log|2- | -b?c?d?PolyLog[2, 1-

1+cXx 1-cx

|+

] .

3bc?d® (a+bArcTanh[cx]) Polylog[2, 1-

l1-cx
2
3bc?d® (a+bArcTanh[cx]) Polylog[2, -1+ | -3b2c?d’Polylog[2, -1+ +
1-cx l1+cx
3 2 2 43 3 2 2 43 2
= b? c?d’ Polylog|[3, 1- | - =b*c*d®Polylog|3, -1+ ]
2 l-cx 2 1-cx

Result (type 4, 461 leaves):
1

2

3

2 2
a2 6a’c
-—- +2a’c3x+6a’c?log(x] -

x2 X
ab (2ArcTanh[cx] +cx (2+cxLlog[l-cx] -cxlog[l+cx])) 1

.=
x2 x2

cx
b? [—Zchr‘cTanh[c x] + (-1+c®x*) ArcTanh[cx]?+2c?* x* Log[ ———— | | +

V1-c?x?

2abc? (2cxArcTanh[cx] +Log[1-c?x?]) -
6abc (2ArcTanh[cx] +cx (-2Log[cx] +Log[1-c?x?]))

+
X

2b%c? (ArcTanh[cx] ((-1+cx) ArcTanh[cx] -2 Log[1+e 2ArcTanhicx] ) 4

Polylog [2) _ @ 2ArcTanh[cx] ] ) + 1

X
6b?c (ArcTanh[cx] ((-1+cx) ArcTanh[cx] +2cxLog[1- e 2ArcTanhicx] ) _

c x Polylog[2, e ?Ar<Tentlex) ) —6abc? (Polylog[2, -cx] - Polylog[2, cX]) +
6 b2 c? i

2
- = ArcTanh[c x]® - ArcTanh [c x]? Log[1 + e 2ArcTanhlex] | ApcTanh[c x]2
24 3
Log[1 - e?ArcTanhlex] | 4 ApcTanh[c x] Polylog[2, - e 2ArcTanhiex]] 4 ApcTanh[c x]

1 1
PolyLog [2, e2A|"cTanh[c x] ] i PolyLog [3’ 7e—2Ar'cTanh[c x] ] = PolyLog [3, ez ArcTanh[c x] ] ] ]
2 2

Problem 91: Result unnecessarily involves imaginary or complex numbers.

(d+cdx)? (a+bArcTanh[cx])?
J dx

x4

Optimal (type 4, 396 leaves, 28 steps):
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b2c2d® 1, , . bcd® (a+bArcTanh[cx]) 3bc?d® (a+bArcTanhcx])
- + —b®c®d”ArcTanh[c x] - - +
3 X 3 3 x2 X

d® (a+bArcTanh[c x])2 3cd® (a+bArcTanh[cx])

2

29
—=cd3ad (a+bAr‘cTanh[cx])2— - -
6 3x3 2 x?
3c2d3 (a+bArcTanh[cx])? 2
( ) +2cd® (a+bArcTanh[cx])?ArcTanh[1 - ]+
X 1-cx

3 20 2
3b%c®d’ Log[x] - —b*c®d’ Log[1-c?x*| + —bc?*d® (a+bArcTanh[cx]) Log|2 - | -
2 3 1+cCcX

|+

bc?d® (a+bArcTanh[cx]) Polylog[2, 1-

l1-cx
3 43 2 10 5, 5.3 2
bc®d® (a+bArcTanh[cx]) PolyLog[2, -1+ | - —b*c*d®Polylog[2, -1+ |+
1-cx 3 1+cx
1 2 343 1 2 343 2
—b*c’d® Polylog|3, 1- | - =b?c?d®PolyLlog[3, -1+ ]
2 1-cx 2 1-cx

Result (type 4, 569 leaves):
1

24 x3
16 abArcTanh[cx] -72abcxArcTanh[c x] - 8b%2c xArcTanh[c x] - 144 ab c? x?> ArcTanh[c X] -
72 b2 c? x?> ArcTanh[c x] + 8 b? ¢ x3 ArcTanh[c x] -8 b2 ArcTanh[c x]? -
36 b? c x ArcTanh[c x]2 - 72 b% c2 x2 ArcTanh[c x]2 + 116 b% ¢ x®> ArcTanh[c x]? -
16 b? ¢ x> ArcTanh[c x]> + 160 b? ¢ x> ArcTanh [c x] Log[1 - e 2ArcTanhlcx] | _
24 b% ¢ x3 ArcTanh [c x]? Log |1 + e 2ArcTanhlex] ]
24b? 3 x> ArcTanh[c x]? Log[1 - e2ArcTanhlex] | 4 24 a2 ¢3 x3 Log[x] +16@ab c® x> Log[c x] -
36abc®x®Log[l-cx] +36abc3x3Log[l+cx] +72b2c3x3 Log[L} -
V1-c?x?
80abc’®x’Log[1-c?x?] +24b%c?x?ArcTanh[c x] PolyLog[2, - e 2ArcTanhiex] ] _
80 b% c* x> Polylog|2, e 2Ar<Tanhlex] ], 24 b2 3 x® ArcTanh[c x] Polylog|2, e2ArcTanhicx]] _
24 abc3x3Polylog[2, -cx] +24abc®x3Polylog[2, cx] +

d®>|-8a%?-36a2cx-8abcx-72a%2c?x>*-72abc?x>*-8b2c?2x*+1ib2c3dx3-

12 bZ c3 X3 PolyLog {3) _(e—ZAr‘cTanh[c x] ] ~12 b2 C3 X3 PolyLog [3) e2Ar‘cTanh[c x] ]

Problem 99: Result unnecessarily involves imaginary or complex numbers.

2
dx

(a+bArcTanh[cx])
J x (d+cdx)

Optimal (type 4, 77 leaves, 3 steps):

(a+bArcTanh[cx])?Log[2 - 2]

l+cx

d
b (a+bArcTanh[cx]) Polylog[2, -1+ —2—] b?PolylLog[3, -1+ —*—]

l+cx l+cx

d 2d

Result (type 4, 132leaves):
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1
—[az Log[cx] -a?Log[l+cx] +

d
ab (2ArcTanh[cx] Log[1 - e 2ArcTanhlcx] | _polylog[2, e 2ArcTanhlex) | )
. 3
i
b? ( - = ArcTanh[c x]? + ArcTanh[c x]2 Log [1 _ @2ArcTanh[cx] ] +
24 3

1
ArcTanh[c x] PolyLog|2, e?Ar<Tamhlcx]| _ = polylog|3, e?ArcTanhicx] | ) ]
2

Problem 100: Result unnecessarily involves imaginary or complex numbers.

J(a +bArcTanh[c x] )2

dx
x2 (d+cdx)

Optimal (type 4, 162 leaves, 8 steps):

c (aerAr‘cTanh[cx})2 (aerAr‘cTanh[cx})2 2bc (a+bArcTanh[cx]) Log|2- 2]

l+cx
- +
d d x d
c (a+bAr‘cTanh[cx])2 Log[2 - 12c | b?cPolylog|2, -1+ " ]
+C X +CX
d d
bc (a+bArcTanh[cx]) Polylog|2, -1+ 1+2CX] b% c PolyLog[3, -1+ 1+2cx}
d 2d
Result (type 4, 225leaves):
1
d

a? 5 1
-—-a‘clog[x] +a“clog[l+cx] +—ab
X

X
cx
Log[ ——————| + cxPolyLog|2, eZA"Ta”h[CX]]] +
V1-c?2x?
5 i3 , ArcTanh[cx]? 2 3
bcc |- +ArcTanh[cx]* - ————— + — ArcTanh[c x]° + 2ArcTanh[c x]
24

CcX 3

Log [1 _ e—ZAr‘cTanh[c x] ] _ ArcTanh [CX] 2 Log [1 _ e2Ar‘cTanh[c x] ] _ PolyLog [2, efZAr'cTanh[c x] } _

1
ArcTanh[c x] PolylLog[2, e?A"<Taniex]] ;. = polylog[3, e?ArcTanhicx] ]
2

|

Problem 101: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx] )2
J x3 (d+cdx)

dx

Optimal (type 4, 250 leaves, 17 steps):

-2ArcTanh[cx] (1+cxLog[1-e 2ArcTanhicx] ) 42 ¢ x

| 9
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bc (a+bArcTanh[cx]) c? <a+bAr‘cTanh[cx]>2

d x 2d
(a+bArcTanh[cx] )2 ¢ (a+bArcTanh[cx] )2 b2 c2 Log[x]
+

+

2dx? d x d
b?c2Log[1-c2x2] 2bc® (arbArcTanh[cx]) Log[2- 2]
- +

l+cx

2d d
c? (a+bArcTanh[cx})2Log[2— -] b2c?Polylog(2, -1+ =]
+

l+cx 1+cx

d d
bc? (a+bArcTanh[cx]) Polylog[2, -1+ 2~] b2c?Polylog[3, -1+ 2]

1+cx +C X

d 2d

Result (type 4, 317 leaves):
1

2d

a2 2a%c
-— +
x? X

+2a2c?log[x] -2a%c?Llog[l+cx] +

1
—2ab |ArcTanh[cx] (-1+2cx+c?x?+2c*x? Log[1 - e 2ArcTanhiex] )

X

cX

Neerral

is®  ArcTanh[c x]

_ C2 X2 PolyLog [2) e—ZAr‘cTanh[c X] } i

cx|1+2cxLlog]

1 , ArcTanh[cx]? ArcTanh[cx]?
- —ArcTanh[c x]“ - + -
24 C X 2 2c?x? c X

2b%c?

2
= ArcTanh[c x]3 - 2ArcTanh[c x] Log[1 - e 2ArcTanhlex] ]
3

cx
ArcTanh[c x]? Log[1 - e?ArcTanhicx] | 4 | og[ —————] + Polylog[2, e
1-c?x?

-2 ArcTanh[c x] } 4

1
ArcTanh[c x] PolyLog[2, e?A"<Taniex]] _ = polylog[3, e2ArcTanhicx] ] ] )
2

Problem 102: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx])?
J x* (d+cdx)

Optimal (type 4, 334 leaves, 26 steps):
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b2c? b?2c3ArcTanh[cx] bc <a+bAr‘cTanh[c X])

+ +
3dx 3d 3d x?
bc? (a+bArcTanhcx]) 5c* (a+bArcTanhcx])® (a+bArcTanh[cx])?
+ - +
dx 6d 3dx3
¢ (a+bArcTanh[c x])2 c? (a+bArcTanh[c x})z b2 c3 Log[X]
- - +
2d x? dx d
b2 ¢3 Log[l—cz x2] 8bc3 (a+bAr‘cTanh[cx]) Log[Z- 12”}
+ —
2d 3d
2 2 2
c3 (a +bArcTanh[c x}) Log[Z— E] . 4b%c3 PolyLog[Z, 1+ 1+CX]
d 3d
2 2
bc3 (a+bAr‘cTanh[c x}) PolyLog[2, -1+ 1+CX] ) b2 ¢3 PolyLog[3, 14 1+CX]
d 2d

Result (type 4, 388 leaves):

1 8a? 12a’c 24ac? 5 3 5 3 1
—_— |- - -24 a“c’Log[x] +24a“c’Log[l+cx] - —
24d x3 x? X x3
8ab |ArcTanh[cx] (2-3cx+6c?x?+3c> x> +6C> x> Log[1- e 2ArcTenhlex)|) _
cx
cx [-1+3cx+c?x?+8c*x?Log[—————|| -3¢ x> Polylog[2, e 2ArcTanhlex] | |
V1-c?x?
) 3 . 5, 8 8 ArcTanh[cx] 24 ArcTanh[c x] )
b c’ |-17° - — +8ArcTanh[c Xx] - + +20 ArcTanh[c x]“ -
cX c? x? CcX
8 ArcTanh[cx]? 12ArcTanh[cx]? 24 ArcTanh[cx]? 3
+ - +16 ArcTanh[c x]° +
c3x3 c? x? c X

64 ArcTanh[c x] Log[1 - e 2ArTanhlex] ] _ 24 ApcTanh[c x]2 Log[1 - e2ArcTanhlex] | _

24 Log [ L} ~32Polylog [2) @ 2ArcTanh[cx] } B

V1-c?x?

24 ArcTanh[c x] PolylLog[2, e?AreTamicxl| 4 12 polyLog|[3, e?ArcTanhicx] | ] ]

Problem 108: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx])?
J ax

x(d+cdx)2

Optimal (type 4, 295 leaves, 19 steps):

| 11
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b2 b2ArcTanh[cx] b (a+bArcTanh[cx]) (a+bArcTanh[c x])2
- + - +
2d? (1+cx) 2 d? d? (1+cx) 2 d?
(a+bArcTanh[cx])? 2 (a+bArcTanh[cx])?ArcTanh[1 - 172“]
d? (1+cx) : d? :
(a+bArcTanh[cx])? Log| 1+2cx] b (a+bArcTanh[cx]) PolyLog|[2, 1- 172”]
d? ) 42 i
b (a+bArcTanh[cx]) PolylLog|[2, -1+ 172“(] b (a+bArcTanh[cx]) PolylLog|2, 1- 1+2cx}
dz B d2
b2 PolyLog[3, 1 - i} 7 b2 PolyLog[3, -1+ chx} 7 b2 Polylog|[3, 1 - 1+2cx}
2 d? 2d? 2 d2

Result (type 4, 254 leaves):
1 24 a?

24d? \1+cx
12ab (Cosh[2ArcTanh[cx]] - 2 PolyLog |2, e 2ArcTanhiex |,
2 ArcTanh[c x] (Cosh[2ArcTanh[cx]] +2Log[1-e ?A"TMIcX]] _sinh[2 ArcTanh[cx]]) -
Sinh[2ArcTanh[cx]]) +b? (i 7® - 16 ArcTanh[c x]? + 6 Cosh[2 ArcTanh[c x] ] +
12 ArcTanh[c x] Cosh[2 ArcTanh[c x]] + 12 ArcTanh[c x]2 Cosh[2 ArcTanh[c x]] +
24 ArcTanh[c x]? Log[1 - e?ArcTanh(ex] ] 4 24 ApcTanh [c x] PolyLog[2, e?AreTanhiex) | _
12 Polylog|3, e?A™Tamhicx]] _ g Sinh[2ArcTanh[cx]] -

+24a%Llog[cx] -24a%Log[l+cx] +

12 ArcTanh[c x] Sinh[2 ArcTanh[c x]] - 12 ArcTanh[c x]2Sinh[2 ArcTanh[c x] ] )

Problem 109: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx])?
J dx

x2 (d+cdx>2

Optimal (type 4, 371 leaves, 23 steps):
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b2 c b2 cArcTanh[cx] bc (a+bArcTanh[cx]) 3c (a+bArcTanh[cx])?
N _

C2d? (1+cx) 22 d? (1+cx) ' 22

(a+bArcTanh[cx])? ¢ (a+bArcTanh[cx])? 4¢ (a+bArcTanh[cx]>2Ar‘cTanh[1f12 ]

-C X

d? x d? (1+cx) 42
2c (a+bArcTanh[c x])zLog[ﬁ} 2bc (a+bArcTanh[cx]) Log|2 - 1+2cx}
d2 d2

2bc (a+bArcTanh[cx]) Polylog[2, 1- —#~] 2bc (a+bArcTanh[cx]) Polylog[2, -1+ ]

dz B dz
2bc (a+bArcTanh[cx]) Polylog[2, 1- —*~| b?cPolylog(2, -1+ —>—]

l+cx B l+cx

d2 dZ

b? c Polylog[3, 1- i} ) b2 c Polylog[3, -1+ 172)(] ) b2 c Polylog(3, 1- 1+2cx]
d2 d2 d2

Result (type 4, 347 leaves):
1 [ 12a? 12a%c

- -24a’clog[x] +24a%clog[l+cx]+
12 d? X 1+cx

12 ArcTanh[c x]?

b2c |-1°+12ArcTanh[c x]? -

+16 ArcTanh[c x]3 - 3Cosh[2 ArcTanh[c x]] -

cX

6 ArcTanh[c x] Cosh[2 ArcTanh[c x]] - 6 ArcTanh[c x]2 Cosh[2 ArcTanh[c x]] +
24 ArcTanh[c x] Log[1 - e 2ArcTanhiex] | _ 24 ApcTanh[c x]? Log[1 - e?AreTanhlex] | _

12 Polylog|2, e 2ArcTanhlcx] | _ 24 ArcTanh[c x] Polylog[2, e?ArcTanhlcx] | 4
12 Polylog|3, e?ArcTemhlcx]] ;. 3sinh[2 ArcTanh[cx]] +

6 ArcTanh[c x] Sinh[2 ArcTanh[c x]] + 6 ArcTanh[c x] 2 Sinh[2 ArcTanh[c x}]) +

cX

6abc |-Cosh[2ArcTanh[c x]] +4Log[

} + 4 Polylog [21 @-2ArcTanh[cx] ] +
1-c?x?

Sinh[2 ArcTanh[c x] ] + ArcTanh[c X]

4
(— —— -2Cosh[2ArcTanh[cx]] -8 Log[1 - e 2ArcTanniex] | 4 2 Sinh[2 ArcTanh[c x] ]
cx

J

Problem 110: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx])?
J dx

x3 (d+cdx>2

Optimal (type 4, 480 leaves, 31 steps):
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b2 c2 b2c2ArcTanh[cx] bc (a+bArcTanh[cx]) bc? (a+bArcTanh[cx])
_ _ N _
2d? (1+cx) 2.d? d? x d? (1+cx)
2c? (a+bArcTanh[cx])® (a+bArcTanh[cx])? 2c (a+bArcTanh[cx])?
- + +
d? 2.d? x? d? x
c? (a+bArcTanh[cx] )2 6 c? (a+bArcTanh[cx])*ArcTanh|1 - 172“]
+ +
d? (1+cx) d?
2 2 2
b2 c2Log[x] 3°€ (a+bArcTanh[cx]) Log[hcx] b2 2 Log[1 - c2 x?]
+ - _
d? d? 2 d?
2 2 2 2
4bc? (a+bArcTanh[cx]) Log|2- 1+CX] ) 3bc? (a+bArcTanh[cx]) Polylog|2, 1- 17CX} )
d? d?
2
3bc? (a+bArcTanh[cx]) PolylLog[2, -1+ 1_CX} )
d2
2 2
3bc? (a+bArcTanh[cx]) Polylog[2, 1- E] ) 2b? c2 Polylog[2, -1+ 1+CX]
d? d?
22 2 2 2 _ 2 2 ;2 o2
3b2c?Polylog(3, 1- HX] ) 3b2c?Polylog[3, -1+ HX] ) 3b2c?Polylog|(3, 1 =
2d? 2 d? 2d?

Result (type 4, 452 leaves):

1 432 16a’c 8a*c? ) 2 ) 2
— |- + + +24 a°cLog[x] -24a“c“Log[l+cx] +
8 d? X2 X 1+cx
, »[. 3 8ArcTanh[cx] , 4ArcTanh[cx]? 16ArcTanh[cx]?
b°c® |1 m° - ——-12ArcTanh[c x]“ - + -
CcX c? x? CcX

16 ArcTanh[c x]3 + 2 Cosh[2 ArcTanh[c x] ] + 4 ArcTanh [c x] Cosh[2 ArcTanh[c Xx]] +
4 ArcTanh[c x]? Cosh[2 ArcTanh[c x]] - 32 ArcTanh[c x] Log[1 - e 2ArcTanhlex] ]

24 ArcTanh[c x]? Log |1 - e?ArcTanhlex] ], g | og]| L] +16 PolylLog[2, e 2ArcTanhlex] ]
1-c?x?

24 ArcTanh[c x] PolyLog[2, e?ArcTanhlcx] ] _ 12 polylog|3, e?ArcTanhiex]]

2Sinh[2 ArcTanh[c x]] -4 ArcTanh[c x] Sinh[2 ArcTanh[c x] ] -

1
4 ArcTanh[c x]2Sinh[2 ArcTanh[c x] ] ) +—4ab [6 c? x? Polylog|2, e 2ArcTanhlex] |,

X
cx
cx [-2+cxCosh[2ArcTanh[cx]] -8 cxLlog| —————] - cxSinh[2ArcTanh[cx]] | +
V1-c?x?

2ArcTanh[cx] (-1+4cx+c?x*+c?x*Cosh[2ArcTanh[cx]] +

6 2 x? Log |1 - e 2ArcTanhlex] | _ 2 %2 5inh[2 ArcTanh[c X] ] )

|

Problem 116: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx])?
J dx

x(d+cdx)3
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Optimal (type 4, 362 leaves, 32 steps):

b2 11 b? 11b2 ArcTanh[cx] b (a+bArcTanh[cx])
+ - + +
16d* (1+cx)? 16d* (1+cx) 16 d3 4d (1+cx)?
5b(a+bArcTanh[cx]) 5 (a+bArcTanhcx])® (a+bArcTanh[cx])?
- + +
4d* (1+cx) 8 d3 2d® (1+cx)?
(a+bAr‘cTanh[cx] )2 2 (a+bArcTanh[cx] )2Ar'cTanh[1— 172”]
@ (1icx) e '
(a+bArcTanh[cx])? Log[lix] b (a+bArcTanh[cx]) PolyLog[2, 1- chx]
d3 ) d3 ’
b (a+bArcTanh[cx]) PolyLog[2, -1+ —2—] b (a+bArcTanh[cx]) PolylLog[2, 1- —2—]
l-cx” 1+CX
d3 d3
b?PolyLog(3, 1- 2] b7 Polylog|3, -1~ —] b7 Polylog[3, 1- 2]
2d3 2d3 2d3

Result (type 4, 376 leaves):
1 96 a? 192 a2

+
192 d3 (1+cx>2 1+cx

+192a% Log[c x] -

192 a’log[l+cx] +12ab (12 Cosh[2 ArcTanh[c x]] + Cosh[4 ArcTanh[c Xx]] -
16 Polylog |2, e 2ArcTaniexl | _ 12 Sinh[2 ArcTanh[cx]] +

4 ArcTanh[c x] (6 Cosh[2ArcTanh[cx]] + Cosh[4ArcTanh[cx]] + 8 Log[1 - e 2ArcTanhlexl ] _

6 Sinh[2 ArcTanh[c x]] - Sinh[4 ArcTanh[c x]]) - Sinh[4 ArcTanh[c x]]) +
b® (8 i 7> - 128 ArcTanh [c x]? + 72 Cosh[2 ArcTanh [c x] ] + 144 ArcTanh [c X]
Cosh[2ArcTanh[c x]] + 144 ArcTanh[c x]2 Cosh[2 ArcTanh[c x] ] +
3 Cosh[4 ArcTanh[c x]] +12ArcTanh[c x] Cosh[4 ArcTanh[cXx]] +
24 ArcTanh[c x]? Cosh[4 ArcTanh[c x]] + 192 ArcTanh [c x]? Log[1 - e?ArcTanhlex] |
192 ArcTanh[c x] PolylLog|2, e?Ar<Tanhicx]] _ 96 polylLog|3, e?ArcTannicx ] _
72Sinh[2 ArcTanh[c x]] - 144 ArcTanh[c x] Sinh[2 ArcTanh[c x]] -
144 ArcTanh[c x]2Sinh[2ArcTanh[c x]] - 3Sinh[4 ArcTanh[cx]] -

12 ArcTanh[c x] Sinh[4 ArcTanh[c x]] - 24 ArcTanh[c x]2 Sinh[4 ArcTanh[c x] ] )

Problem 117: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx])?
J dx

x2 (d+cdx)3

Optimal (type 4, 448 leaves, 36 steps):

| 15
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b%c 19b% ¢ 19 b2 c ArcTanh[cx] bc (a+bArcTanh[cx])
N _

16 d3 <1+CX>2_16d3 (1+CX> 16 d3 4 d3 (1+Cx>2

9bc (a+bArcTanh[cx]) 17c (a+bAr‘cTanh[cx])2 (a+bAr‘cTanh[cx])2

4d3 (1+cx) ' 8d3 d3 x

¢ (a+bArcTanh[c x])2 2c (a+bArcTanh[c x})z 6 c (a+bArcTanh|c x])ZAr*cTanh[l— 172“}

2d3(1+cx)2 d® (1+cx) d3
3¢ (a+bArcTanh|c x])zl_og[lfcx} 2bc (a+bArcTanh[cx]) Log|2- 1+2c><}
d3 " d3
3bc (a+bArcTanh[cx]) Polylog[2, 1- 1_2“} 3bc (a+bArcTanh[cx]) PolyLog[2, -1+ 1_2cx]
d3 - d3
3bc (a+bArcTanh[cx]) Polylog[2, 1- —2-| b2 cPolylog[2, -1+ —*—]
l+cx B l+cx B
d3 dS
3b? cPolylog(3, 1- ] ) 3b? cPolylog[3, -1+ =] ) 3b2 cPolylog[3, 1- 2]
2d3 2d3 2d3

Result (type 4, 479 leaves):
1
64 d?

64 a2 32a%c 128 a’ ¢ 5 5 5
- - - -192a“clog[x] +192a“clog[l+cXx] +b°c

X <1+cx)2 1+cx

64 ArcTanh[c x]? 3
+128 ArcTanh[c x]° - 40 Cosh[2 ArcTanh[c x]] -

{8 i 73 + 64 ArcTanh [c x]2 -
cx

80 ArcTanh[c x] Cosh[2 ArcTanh[c x]] - 89 ArcTanh[c x]2 Cosh[2 ArcTanh[c x]] -
Cosh[4 ArcTanh[c x]] -4 ArcTanh[c x] Cosh[4 ArcTanh[c x]] -

8 ArcTanh[c x]? Cosh[4 ArcTanh[c x]] + 128 ArcTanh[c x] Log[1 - e 2ArcTanhlex] | _
192 ArcTanh[c x]? Log[1 - e2Ar<Tanhlex] | _ g4 polyLog[2, e 2ArcTanhiex] ] _

192 ArcTanh[c x] Polylog|2, e?A™Tenhicx]] , 96 polyLog|3, e?ArcTanniexl] 4

40 Sinh[2 ArcTanh[c x]] + 80 ArcTanh[c x] Sinh[2 ArcTanh[c x]] +

80 ArcTanh[c x]2Sinh[2 ArcTanh[c x] ] + Sinh[4 ArcTanh[c x] ] +

4 ArcTanh[c x] Sinh[4 ArcTanh[c x]] + 8 ArcTanh[c x]2Sinh[4 ArcTanh[c x] ]

+

X |k

4ab |48 cxPolylog[2, e 2ArcTanhlex)] 4 ¢ x | - 2@ Cosh[2ArcTanh[c x]] - Cosh[4 ArcTanh[cx]] +

cx
32 Log| ———] +2@Sinh[2ArcTanh[c x]] + Sinh[4 ArcTanh[c X] ]
V1-c?x?

4 ArcTanh [c X] (8+10chosh[2Ar‘cTanh[c x] ] +cxCosh[4ArcTanh[cx]] +

24 cx Log[1- e 2ArcTannlcx] ] _ 1@ ¢ x Sinh[2 ArcTanh[c x] ] - ¢ xSinh[4 ArcTanh[cx]]) ] ]

Problem 120: Result more than twice size of optimal antiderivative.

J(1+cx)3 (a+bArcTanh[cx])>dx
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Optimal (type 4, 306 leaves, 26 steps):

5 b3>x b3*ArcTanh[c x] 3
3abx+ - +3b*xArcTanh[c x] +

4 4c

4b (aerAr‘cTanh[cx])2 21 ,
+—bx (a+bArcTanh[cx])*+

C 4

b>cx* (a+bArcTanh[cx] ) +

1
bcx? (a+bAr‘cTanh[cx1)2+ Zbc?x3 (a+bAr‘cTanh[cx1)2+

4
1+cx)* (a+bArcTanh[cx])® 11 b? (a+bArcTanh[cx]) LOg[lich]
4c . C
6b (a+bArcTanh[cx])?Log[ —2~] 3p3 Log[1-c2x2] 11 b*PolyLog[2, 1 -
N _

1-cx

—~ N W AR

2
1-cx

C 2c¢C 2c¢C

6b2 (a+bArcTanh[cx]) Polylog|2, 1- ﬁ] 3b%Polylog(3, 1- —2—]

1-cx
+

C C

Result (type 4, 644 leaves):
1

8c

(-2ab*+8a’cx+42a’bcx+24ab’cx+2b’cx+12a’c?x*+12a’bc® x> +2ab*c?x*+8a* > x? +
2a’bc3x®+2adc*x*-24ab2ArcTanh[c x] -2b3 ArcTanh[c x] + 24 a’?b c x ArcTanh[c x] +
84 ab? c xArcTanh[c x] + 24 b3 c x ArcTanh[c x] + 36 a2 b c2 x? ArcTanh[c x] +
24 ab? c?x?ArcTanh[c x] +2b3 c? x> ArcTanh[c x] + 24 a2 b c® x*> ArcTanh[c x] +
4ab?c®x3ArcTanh[cx] +6a?bc*x*ArcTanh[c x] - 90 a b2 ArcTanh[c x]2 - 56 b ArcTanh [c x]2% +
24 ab? cxArcTanh[c x]?+42b%cxArcTanh[cx]2+36ab?c?x?ArcTanh[cx]? +
12 b3 c2 x? ArcTanh[c x]2 + 24 ab? c® x3 ArcTanh[c x]2 + 2 b3 c3 x3 ArcTanh[c x]% +
6 ab?c*x*ArcTanh[c x]2 - 30 b3 ArcTanh[c x]3 + 8 b3 c x ArcTanh[c x]3 + 12 b3 c2 x? ArcTanh[c x]3 +
8 b3 ¢ x® ArcTanh[c x]3 + 2b® ¢* x* ArcTanh [c x]? - 96 a b? ArcTanh [c x] Log[1 + e 2ArcTanhlex] | _
88 b3 ArcTanh [c x] Log[l+e’“"”a”h[cx]} - 48 b3 ArcTanh[c x]? Log[1+e’2A"°Ta“h[cx]] +
45a%bLlog[l-cx] +3a’blog[l+cx] +44ab?log|l-c?x?|+12b%Log[1-c?x?| +4b?

(12a+11b+12bArcTanh[cx]) Polylog[2, —e 2ATTanicx] | 4 24 b3 polylog|3, —e 2ArcTennicx] |)

Problem 121: Result more than twice size of optimal antiderivative.

J(1+cx)2 (a+bArcTanh[c x])3dlx

Optimal (type 4, 240leaves, 17 steps):
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5b (a+bAr‘cTanh[cx])2

ab?x +b®xArcTanh[c x] + +
2c
3bx (aerAr'cTanh[cx])erlbcx2 (a+bArcTanh[cx])?+
2

(1+cx)3 (aerAr‘cTanh[cx])3 6b? (a+bArcTanh[cx]) LOg[l_ch}

3¢ C
4b (a+bArcTanh[c x})zLog[lich} ) b® Log[1 - c2 2] ) 3b% Polylog[2, 1 - 1—2cx} )
C 2c C
4b” (a+bArcTanh[cx] ) Polylog[2, 1- 2] ) 2 PolyLog[3, 1- —2-]
c c

Result (type 4, 488 leaves):
6i (6a’cx+18a’bcx+6ab’cx+6a’c?x’+3a’bc’x*+2a’c®>x’-6ab?ArcTanh[cx] +
c
18 a’b c x ArcTanh[c x] + 36 ab? c x ArcTanh[c x] + 6 b3 c x ArcTanh[c x] +
18 a2 b c?2 x> ArcTanh[c x] + 6 ab? c? x? ArcTanh[c x] +6 a2 b c® x> ArcTanh [c x] -
42 ab?ArcTanh[c x]2 - 21 b3 ArcTanh[c x]% + 18 ab? c x ArcTanh[c x]? +
18 b> c x ArcTanh[c x]2 + 18 a b? c? x2 ArcTanh[c x]2 + 3 b3 c? x? ArcTanh[c x]? +
6 ab?c®x>ArcTanh[c x]2 - 14 b3 ArcTanh[c x]3 + 6 b> c x ArcTanh[c x]3 +
6 b 2 x? ArcTanh[c x]3 + 2b® ¢ x> ArcTanh [c x]? - 48 ab? ArcTanh [c x] Log[1 + e 2ArcTanhlex] | _
36 b® ArcTanh [c x] Log[l + e’“"”a”h[cx]} - 24 b3 ArcTanh[c x]? Log[lJr e’“"”a“h[”]] +
21a’blog[l-cx] +3a*blog[l+cx] +18ab?Log[1-c?x?] +3b%Log[1-c?x?] +
6b> (4a+3b+4bArcTanh[cx]) PolylLog[2, —e 2ATemicx]] . 12 b PolyLog |3, —e 2AcTannlcx] )

Problem 132: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[ax]3
J— dx

X% (c+acx)

Optimal (type 4, 191 leaves, 10 steps):
3 3aArcTanh[ax]? Log[z -2 ] aArcTanh[ax]3 Log[z -2 }

aArcTanh[ax]?

ArcTanh[a x] 1+ax lrax
_ N _ _
c cx c c
3aArcTanh[ax] PolyLog[2, -1+ 12ax] 3aArcTanh[ax]2Polylog|2, -1+ - Zax]
N _
C 2c
2 2 2

3aPolylog|[3, -1+ 1+ax} ) 3aArcTanh[ax] PolyLog[3, -1+ 1+ax} ) 3aPolylog|4, -1+ 1+ax}

2c¢C 2cC 4c

Result (type 4, 154 leaves):
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1 (i3 4 ; ArcTanh[ax]?® 1 4
—a - — -ArcTanh[ax]® - ———— + — ArcTanh[a x]" +
C 8 64 ax 2

3ArcTanh[ax]? Log|1 - e?ArcTanhiax] ] _ ApcTanh[ax]® Log |1 - e2ArcTanhlax] | _

(-2+ArcTanh[ax]) ArcTanh[a x] PolylLog|2, e*Ar<Temhiax]] 4

N W N W

3
(-1+ArcTanh[ax]) PolyLog (3, e2ArcTanh(ax) | _ = polylog|4, e?ArcTanhiax] ]|
4

Problem 133: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[ax]3
J— dx

x3 (c+acx)

Optimal (type 4, 305 leaves, 18 steps):

3aZArcTanh[ax]? 3aArcTanh[ax]? a%?ArcTanh[ax]3 ArcTanh[ax]?

+

2c¢ 2cx 2¢ 2cx2
aArcTanh[ax]® 3 a’ArcTanh[ax] Log|2 - 1;)(} 3a2ArcTanh[ax]2Log[2 - 1;)(]
c X : c - c
a’ArcTanh[ax]?Log[2- —2~] 3a?Polylog[2, -1+ 2]
¢ ) 2c¢
3 aZArcTanh[ax] PolyLog[2, 14 1+Zax} 332 ArcTanh[a x]2 PolyLog[Z, 1. 1;)(}
¢ . 2¢c

3a2Polylog[3, -1+ —2—| 3a’ArcTanh[ax] Polylog[3, -1+ —2—| 3a?PolylLog[4, -1+ 2

1+ax

l+ax 1+ax

| 19

2c¢C 2c¢C 4c

Result (type 4, 222 leaves):
96 ArcTanh[a x]?

——a? |[-81 7 +n*+96ArcTanh[ax]?- +
64 c ax
; 32ArcTanh[ax]® 64ArcTanh[ax]? .
96 ArcTanh[a x]~ - + - 32ArcTanh[a x]™" +
a% x? ax

192 ArcTanh[a x] Log[1 - e 2ArcTanhiax] ] _ 192 ArcTanh[a x]? Log[1 - e?ArcTanhlax] |
64 ArcTanh[ax]? Log |1 - e?ArTahax] | _ 96 polylog |2, e 2ArcTanhlax] |

96 (-2 +ArcTanh[ax]) ArcTanh[ax] Polylog[2, e?A™Ta(ax] ], 96 polylog |3, e?ArcTennlax]] _

96 ArcTanh[a x] PolylLog |3, e?A"cT"(2x] | . 48 Polylog|4, e?ArcTenniax] |

Problem 139: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[ax]*
J— dx
X% (c-acx)

Optimal (type 4, 239 leaves, 12 steps):
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2

4 3 2
aArcTanh[ax}“_ArcTanh[ax}“ aArcTanh[a x] Log[Z—liax] 4 aArcTanh[ax]? Log[2

l+ax
+ +
c C X c c
2aArcTanh[ax]3 PolyLog[z, -1+ } 6 aArcTanh[a x]zPolyLog[Z, -1+ ]
— +a X
c C
3aArcTanh[ax]2PolylLog[3, -1+ 172)(} 6 aArcTanh[ax] Polylog[3, -1+ - ax]

C C
3 aArcTanh[ax] PolyLog[4, -1+ ZX] 3aPolyLog[4, -1+ 12“} 3aPolyLog[5, -1+

1—ax}

C C 2c¢C

Result (type 4, 172leaves):

1 i W 4 ArcTanh[ax]*
-—a|-—+ +ArcTanh[ax] + ————————— -
c 16 160 ax
4 ArcTanh[ax]?Log|[1 - e?ArcTanh(ax] ] _ ApcTanh[a x]* Log| 2arcTanhfax] | _

[ax l-e
2 ArcTanh[ax]? (3 +ArcTanh[ax]) Polylog|2, e?ArcTenhiaxi]
[ax }

3 ArcTanh ] (2+ArcTanh[ax]) PolyLog|3, e2A™Tannia 3 Polylog|4, e2ArcTanhiax] | _

3
3 ArcTanh[a x] PolylLog [4, @2ArcTanh[ax] } + = Polylog [5, @2ArcTanh(ax] ]
2

Problem 140: Result unnecessarily involves imaginary or complex numbers.

dx

JArcTanh [ax]*

x3 (c-acx)

Optimal (type 4, 380 leaves, 21 steps):

2 a%ArcTanh[ax]® 2aArcTanh[ax]?® 3a?ArcTanh[ax]* ArcTanh[ax]*
_ . _ _

¢ cXx 2c 2 ¢ x?
aArcTanh[ax]* a ArcTanhlax]*Llog[2- ﬁ} 6 a2ArcTanh[ax]2 Log[2 - 1;)(}
+ +
cx c c
4 a% ArcTanh[ax]?Log|2 - . ix} 2 a? ArcTanh[ax]?Polylog[2, -1+ 172“}
= _
c c
6a’ArcTanh[ax] Polylog[2, -1+ 2=] 6a’ArcTanh[ax]®Polylog[2, -1+ 2~
c c
2 2 2 2
3a2ArcTanh[ax]2PolylLog[3, -1+ 1—ax} ) 3a2Polylog[3, -1+ 1+ax] )
c c
6 a? ArcTanh[a x] Polylog|3, -1+ lzax} 3a2ArcTanh[ax] Polylog|4, -1+ 172”]
+ _
c o

3a2PolyLog[4, -1+ lj_”] ) 3 a%Polylog[5, -1+ 17“}

C 2c¢C

Result (type 4, 250leaves):
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1 ,( i7 n* irw ; 2ArcTanh[ax]?® 1 4
-—a |- -— + +2ArcTanh[ax]® + + —ArcTanh[a x]® +
C 4 16 160 ax 2
ArcTanh[ax]* ArcTanh[ax]*
[ax] + [ax] -6 ArcTanh[ax]? Log[1 - e?ArcTanhlax] | _
2a%x? ax

4 ArcTanh[ax]? Log|[1 - e?ArcTanh(ax]] _ ApcTanh[ax]* Log |1 - e?ArcTanhiax] ] _
2 ArcTanh[ax] (3+3ArcTanh[ax] +ArcTanh[ax]?) PolylLog|2, e*Ar<Tenhiaxi] 4
3 (1+ArcTanh[ax])?PolyLog|3, e?A"TanlaxI] _ 3 polylog[4, e?ArcTanhlax]] _

3
3 ArcTanh[a x] PolylLog [4, @2ArcTanh[ax] } + = Polylog [5, @2 ArcTanh(ax] ]
2

Problem 147: Result unnecessarily involves imaginary or complex numbers.

Jx3 (a+bArcTanh[cx] )
dx

d+ex

Optimal (type 4, 275leaves, 16 steps):

ad’x bdx bx?> bdArcTanh[cx] bd?xArcTanh[cx]
+ + +

e? 2ce’ 6ce 2c?e? e?
dx? (a+bArcTanh[cx]) 3 (a+bArcTanhicx]) d° (a+bArcTanh[cx]) Log[ 2]
+ + -
2e? 3e e’

d3 <a+bArcTanh[cx}) Log[ﬁ)‘j;—ifjx—)] b d2 Log[l—czxz}
+

+
4

e 2cel
3 2 3 _ _2c(drex)
bLog[1- c2x?] ) b d* PolyLog[2, 1 - 1+CX} . bd*Polylog|2, 1 cdre) (Lrex)
6cie 2et 2et

Result (type 4, 474 leaves):
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1 2bel 5 6bde?x .
- +12ad°ex- ——-6ade“x°+
12 e* c3 c

2be3x? ; 3 6bde?ArcTanh[cx]
———— +4ae3x3+

c c?
12bd?exArcTanh[c x] - 6bde? x?ArcTanh[c x] +4 b e>®x® ArcTanh[c x] -

-61bd®ArcTanh[c x] +

3 cd 3 , 6bd?eArcTanh[cx]?
12bd Ar‘cTanh[f] ArcTanh[c x] + 6bd” ArcTanh[c x]“ - +
e C
2 42 - g
6bd> [1-<% ee ArcTanh | 2| ArcTanh[c x]2
e

+12bd® ArcTanh[c x] Log[1 + e 2ArcTanhlex] |
C

61ibd®rLog[1+eAr<Tannicx]] 12 bd® ArcTanh| ﬂ] Log|[1- o2 [ArcTanh [ <] carcTanh [ x] | ]

e

12 b d3 ArcTanh [cx] Log [1 _ e-z (Ar‘cTanh[%} +ArcTanh[c x]) }

6bd?elog[1-c?x?| 2be’log[1-c?x?]
+

-12ad®Log[d+ex] +

+3ibd®>nlog[1-c?x?] +
c c3

12 b d® ArcTanh | ﬂ] Log|i Si cd -
g|i Sinh[ArcTanh|[—| + ArcTanh[c x] ||
e e

6b d3 PolyLog [21 7e_2ArCTanh[c X] } +6b d3 PolyLog [2’ efz (ArcTanh{%} +ArcTanh[c x]) }

Problem 148: Result unnecessarily involves imaginary or complex numbers.

sz (a+bArcTanh[cx])
dx

d+ex

Optimal (type 4, 214 leaves, 12 steps):
adx bx bArcTanh[cx] bdxArcTanh[cx] X (a+bArcTanh[cx])

) e? +2ce_ 2c2e - o2 * Je -
d? (a+bArcTanh[cx]) Log[ —2—] d* (a+bArcTanh[cx]) Log[ —2eidex ]
+

1+cXx (cd+e) (1+cx)

3 3

e
bdlog[1- c2x?] bd?Polylog[2,1- 2] bd’Polylog[2, 1- Zitex -]

1+C X (cd+e) (1+cx)
+

2ce? 2e3 2e3

e

Result (type 4, 394 leaves):
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b e? x 5 b e ArcTanh[c x]
e —

~2adex+ X2
2 e3 C c?

+

i bd?tArcTanh[cx] -2bdexArcTanh[cx] +be?x?ArcTanh[c x] +

5 cd 5 , bdeArcTanh[cx]?
2bd?ArcTanh| —| ArcTanh[c x] - b d® ArcTanh[c x]? + -

e C

cd
bd [1- g e efAPCTanh{?] ArcTanh[c x]?
e

-2bd?ArcTanh[c x] Log[1 + e 2ArcTanhicx] | _
C

cd

ib d2 T Log [1 i eZAr‘cTanh[c X] } +2b dz ArcTanh [ ] Log [1 _ efz (ArcTanh[%} +ArcTanh[c x]) } N

e

c bdel 1-c?2x?
2bd?ArcTanh[c x] Log[l—«a’2 (A"Ta”h[ﬂ*””a"h[cx])] +2ad?Log[d+ex] - e Log[1-c*x’] -

C

lJibdZJTLog[l—c2 x2] —2bd2Ar‘cTanh[ﬂ} Log|[i Sinh[Ar‘cTanh[ﬂ] +ArcTanh[cx] | ] +
2 e e

b d? PolyLog[2, -e 2ArcTanhlexl | _ b d2 polyLog|2, e’ (ArcTanh | <*] +ArcTann c ] | ]

Problem 149: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jx (a+bArcTanh[cx]) 4
X

d+ex

Optimal (type 4, 156 leaves, 9 steps):

ax bxArcTanh[c x] d (a+bArcTanh[cx]) Log| 2]

1l+Ccx
— + + -
e e e?

d (a+bArcTanh[cx]) Log[%] ) bLog[1- c?x]

e? 2ce
bdPolylog[2, 1- —2-| bdPolylog|2, 1~ —2cldex—]
+

1+c X (cd+e) (l+cx)

2 e? 2 e?

Result (type 4, 315leaves):
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1
—— |2aex-2adlog[d+ex] +
2¢?

1 cd
—b |-1cdmArcTanh[cx] +2 cexArcTanh[c X] —2chr‘cTanh[f} ArcTanh[c x] +
C e

c?d?

2

2 e (e—Ar‘cTanh {%}

cdArcTanh[c x]?-eArcTanh[cx]%+ |1- ArcTanh[cx]?%+

2cdArcTanh[cx] Log[1+ e 2ArcTanhicx] ], j ¢ drLog[1 + e2ArcTanhlex) ]

ﬂ Ar‘cTanh[%} +ArcTanh [c x] ) ] _

2 cdArcTanh|[— | Log[l—e’z(
e

ArcTanh [ %} +ArcTanh[c x] ) }

2 cdArcTanh[c x] Log[l—e’z( +elog[l-c?x?| +

1JichTLog[l—c2 x2| +2chr‘cTanh[Q] Log[i Sinh[Ar‘cTanh[ﬂ} +ArcTanh[cx] | ] -
2 e e

cdPolylog|2, -e 2ArcTanhicx] | . ¢ d PolyLog |2, e’ (ArcTann | <% -arcTanh (cx] ]

Problem 150: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Ja +bArcTanh[c x]
X

d+ex

Optimal (type 4, 114 leaves, 4 steps):

(a+bArcTanh[cx]) Log| 1+2CX] (a+bArcTanh[cx]) Log[ﬁ)"z—iﬁx—)]

e e
bPolylog[2, 1- —2-] bPolylog[2, 1~ —2<(dex ]

1+cx (cd+e) (1l+cx)

2e 2e

Result (type 4, 257 leaves):
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1 1 . cd
= |aLlog[d+ex] +bArcTanh[cx] | = Log[1-c?x?| + Log[i Sinh[ArcTanh[—] + ArcTanh[c x]H] -
e 2 e

1 1. i y cd 2

—ib|-=1i (m-21iArcTanh[cx])®+1i [Ar‘cTanh[—] +ArcTanh[cx] | +

2 4 e

cd
(m-2iArcTanh[cx]) Log[1+e?ArcTamhlex]] 4 24 (Ar‘cTanh [—] +ArcTanh[cx]
e

Log {1 _ e—z (Ar‘cTanh[%} +ArcTanh[c x]) ] B (ﬂ_ _ 21 ArcTanh [cx] ) Log [ #} B
V1-c2x?
cd cd
2i |ArcTanh|[—| + ArcTanh[c x] | Log[2 i Sinh[ArcTanh|—] +ArcTanh[cx] || -

e e

iPolylog|2, -e?ArcTanhiexl] _ j polylog|2, o2 [ArcTanh[ <% [ arcTann (e x) | ] ] ]

Problem 151: Result unnecessarily involves imaginary or complex numbers.

a+bArcTanh[c x]
J dx

x (d+ex)

Optimal (type 4, 148 leaves, 7 steps):

(a+bAr~cTanh[cx]) Log[ 2 ] (a+bAr‘cTanh[cx}> Log[ﬁﬂ;}

1+cx (cd+e) (1+cx)

alog[x]
+ —_
d d p
bPolylog[2, 1- -] bPolylog[2, 1- _Zcgex) )
N +

(cd+e) (1+cx)

bPolylLog[2, -cx] bPolylLog[2, cx]
+
2d 2d 2d 2d

Result (type 4, 294 leaves):

1
—— |2adlog[x] -2adlog[d+ex] +
2d?

1 cd
~b |-icdrArcTanh[cx] -2 cdArcTanh| —] ArcTanh[c x] + c dArcTanh[c x]2 -
c e

c?d?

2

2

cd
e ArcTanh[c x]? + e’A"Ta"h{T]

ArcTanh[cx]?+
e

cd
2cdArcTanh[cx] Log[1 - e 2ArcTanhiex] ] j cdrLog[1 + e?ArcTamiex]] _ 2 ¢ d ArcTanh | — |
e

ArcTanh { <41 ArcTanh [cx] ArcTanh { ﬂ} +ArcTanh[c x] ) ]
e e

Log[l—e’z( )] -2cdArcTanh[c x] Log[l—e’z( +
1 cd o cd
~icdrLlog[l-c?x?] +2cdArcTanh|——] Log[i Sinh[ArcTanh[——| +ArcTanh[cx]]] -
2 e e

cdPolylog|2, e 2Ar<Tanlex] ] 4 ¢ d Polylog|2, e’ (ArcTann [ <* ] -arcTanh (cx] ]
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Problem 152: Result unnecessarily involves imaginary or complex numbers.

a+bArcTanh[c x]
J dx

x2 (d+ex)

Optimal (type 4, 200 leaves, 12 steps):

e (a+bArcTanh[cx]) Log[—2—]

l+cx

a+bArcTanh[cx] bclog[x] aelog[x]
- +

d x d d? d?

2c (drex
e (a+bArcTanh[cx]) Log[%cdm e | be Log[1-c>x?] bePolylog[2, —c x]
- +

d2 2d 2d2
bePolylog[2, 1- —2-| bePolylog[2, 1~ —2cldex ]

1+CXx (cd+e) (1+cx)

b ePolylog[2, cX]

+

2d? 2d? 2d?

Result (type 4, 360 leaves):

1 |2ad® | 2bd? ArcTanh[c Xx]
-— -1bdessArcTanh[c x] + -

2d3 X X

cd , be?ArcTanh[cx]?
2bdeArcTanh[—] ArcTanh[c x] + bd e ArcTanh[c x]“ -

e C

+

cd
b [1- <% @2 e <tam [ ] ArcTanh [cx]?
e

+2bdeArcTanh[cx] Log[1 - e 2ArcTanhlex]]
c

ibdesLog[1l+eAreTamhicxl] 2 pdeArcTanh| ﬂ} Log[1 - o 2 [AncTanh[ %] arcTanh [ x] | ] -

e

ArcTanh { %] +ArcTanh[c x] ) ]

2bdeArcTanh[c x] Log[l—e’z( +2adelog[x] -

cX 1
2adelogd+ex] -2bcd?Log| |+ —ibdenlog[1-c?x?] +
1-c2x2 2

cd o cd
2bdeAr‘cTanh[f] Log[n Slnh[Ar'cTanh[f] +ArcTanh [c X] H -
e e

bdePolylog[2, e 2AcTanhicx] | ;b dePolylog|2, e (ArcTanh | 7] cArcTanh (cx | ]

Problem 153: Result unnecessarily involves imaginary or complex numbers.

a+bArcTanh[c x]
J dx

x3 (d+ex)

Optimal (type 4, 261 leaves, 15 steps):
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bc bc2ArcTanh[cx] a+bArcTanh[cx] e(a+bAr*cTanh[cx])
+ - + -

C2dx 2d 2dx? d? x
2
bcelog[x] ae?Llog[x] e? (a+bArcTanh[cx]) Log[hcx}
dz i dS * d3 -
2c (d+ex)

e? (a+bArcTanh[cx]) Log|

(cd+e) (1+cx)

] bcelog[1-c?x?] be?Polylog[2, -cx]
+ _

+
d3 2d? 2d3
2 2 _2c(d+ex)
be?Polylog[2, cx] D€’ Polylog[2, 1- 1+CX} be?Polylog|[2, 1- (cdre) (Licx) )
2d3 2d3 2d3

Result (type 4, 435leaves):

1 2ad® 2bcd® 4ad’e ) 3
— |- - + +2bc“d” ArcTanh[c x] -
4d* x? X X

2bd3ArcTanh[cx] 4bd?eArcTanh[cx]

2ibde?rArcTanh[cx] - + _
x? X

5 cd ) , 2be?*ArcTanh[cx]?
4bde Ar‘cTanh[f] ArcTanh[cx] +2bde“ArcTanh[c x]* - +
e d

cd
-ArcTanh[ <] AL Tanh [cx]2

+4bde?ArcTanh[c x] Log[1 - e 2ArcTanhlex] ]

C

2ibde?log[l+e2ArcTemicxl] _4pde? ArcTanh| ﬂ} Log[1 - 2 [ArcTanh [ %] ancTanh [ x] ] -
e

4bde?ArcTanh|c X] Log[l—ce’2 (APCTa"h{%%A"Ta"h[CXJ)] +4ade?Llog[x] -
°x | +ibde?rLog[1-c?x?] +

4ade’logld+ex] -4bcd?elog|
2

1-c2x

4bde?ArcTanh| ﬂ] Log[1i Sinh[ArcTanh| ﬂ} +ArcTanh[cx] || -
e e

ArcTanh { %] +ArcTanh [c x] ) ]

2bde?Polylog[2, e 2ArcTanhiex] ] 4 2 b de? PolyLog|2, e 2

Problem 154: Unable to integrate problem.

2
dx

sz (a+bArcTanh[cx])

d+ex

Optimal (type 4, 385Ileaves, 14 steps):

| 27
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abx b2xArcTanh[cx] d (a+bAr‘cTanh[cx])2 (a+bAr‘cTanh[cx])2

+ — — —

ce ce ce? 2c’e
d x (anbAr'cTanh[cx})2 . x2 (a+bAr‘cTanh[cx1)2 . 2bd (a+bArcTanh[cx]) LOg[l,ch] )
e? 2e c e?
d? (a+bArcTanh[cx] )zLog[lfcx} ) d? (a+bArcTanh[cx])? Log[%}
e’ e?
b? Log[1 - c2 x?] b2 d PolyLog[2, 1- ﬁ} bd? (a+bArcTanh[cx]) Polylog[2, 1- 1+2CX]
+ + -
2c’e ce? e3

bd? (a+bArcTanh[cx]) Polylog[2, 1 - M)_}

(cd+e) (1+cx)

e3
P 2 2 42 _ _2c(drex)
b2 d? Polylog |3, 1- 2] b Polylog[3, 1- 2<ld ™ —]
2e3 293

Result (type 8, 23 leaves):

sz (a+bArcTanh[cx] )2 :
X

d+ex

Problem 155: Unable to integrate problem.

jx (a+bArcTanh[cx])?
dx

d+ex

Optimal (type 4, 279 leaves, 8 steps):

(a+bArcTanh[cx])? x (a+bArcTanh[cx])? 2b (a+bArcTanh[cx]) Log[ ——]
.

1-cx
+ —
ce e ce
d (a+bArcTanh[cx])? LOg[1+2(:x] d (a+bArcTanh[cx])? Log[é—)—(czdie)dijcx) ]
@2 B o2 _
b2 PolyLOg[Z, 1- 172”} ) bd (a +bArcTanh[c x]) PolyLog[z, 1- 1+2CX}
ce a2

bd (a+bArcTanh[cx]) Polylog|2, 1- —2c(drex) ]

(cd+e) (1+cx)

a2

b?dPolylog[3, 1- 2| b2dPolylog[3, 1 —2<(dex ]
+

1+C X (cd+e) (1+cx)

2 2 2 2

Result (type 8, 21 leaves):

Jx (a+bArcTanh[cx] )2 5
X

d+ex
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Problem 156: Unable to integrate problem.

2

(a+bArcTanh[cx])
J dx

d+ex

Optimal (type 4, 188 leaves, 1step):

(a+bArcTanh[cx] )2 Log| -] (a+bArcTanh[cx] >2 Log[w}
+

l+cx (cd+e) (l+cx)

e e
b (a+bAr‘cTanh[c x]) PolyLog[z, 1- 2 } b (a+bAr‘cTanh[c x]) PolyLog[Z, 1_ —2c(diex) ]

1+c X (cd+e) (l+cx)

€ e
b2 Polylog[3, 1- —2-] b?Polylog[3, 1- —2cldexl ]|

1+CX (cd+e) (1+cx)

2e 2e

Result (type 8, 20leaves):

2

(a+bArcTanh[cx])
J dx

d+ex

Problem 157: Unable to integrate problem.

(a+bArcTanh[cx] )2
J dx

x (d+ex)

Optimal (type 4, 319leaves, 9steps):

2(a+bAr‘cTanh[cx})ZAr‘cTanh[l—%} (a+bArcTanh[cx])? Log| 2]
+

l+cx

d d
(a+bArcTanhcx])* Log[ﬁf;—iﬁx—)] ) b (a+bArcTanh[cx]) PolyLog[2, 1- 2] )
d d
b (a+bArcTanh[cx]) PolylLog[2, -1+ -] b (a+bArcTanh[cx]) Polylog|2, 1- 2]
1-cx _ l+cx
d d

b (a+bArcTanh[cx]) PolylLog|2, 1- —Acldiex] 1 o Polylog(3, 1- —2—]

(cd+e) (1+cx) 1-cx

d 2d
b? Polylog(3, -1+ 1—2cx] b2 Polylog[3, 1- —2—] b’ Polylog[3, 1 - —2cldexi ]
+

1+cx (cd+e) (1l+cx)

2d 2d 2d

Result (type 8, 23 leaves):

(a+bArcTanh[cx] )2
J dx

x (d+ex)
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Problem 158: Unable to integrate problem.

(a+bArcTanh[cx] )2
J dx

x2 (d+ex>

Optimal (type 4, 412 leaves, 13 steps):

c (a+bArcTanh[cx])? (a+bArcTanh[cx])?

d dx
2e (a+bArcTanh[cx])”ArcTanh[1- 2] e (a+bArcTanh[cx])” Log[ 2]
d? B d? -
e (a+bAr‘cTanh[cx])2Log[ﬁ>‘j;—iﬁx—)] ) 2bc (a+bArcTanh[cx]) Log|2- 1+ZCX}
d? d
be (a+bArcTanh[cx]) Polylog|2, 1- 172CX} be (a+bArcTanh[cx]) PolyLog|2, -1+ 172CX]
d? - d?
be (a+bArcTanh[cx]) Polylog[2, 1- 1+2cx} ) b2 c Polylog[2, 1+ 1+2cx] )
d? d

2c (d+ex) 2
be (a+bArcTanh[cx]) Polylog[2, 1- e e ] b2 e Polylog[3, 1 - 1—cx}

d? 2 d?
2] b2 ePolyLog|3, 1 - —2<ldexi |

(cd+e) (1+cx)

1-cx 1+C X

2d? 2d? 2d?

b2 ePolylog(3, -1+ —2—] b2ePolylog[3, 1-
+

Result (type 8, 23 leaves):

2

(a+bArcTanh[cx])
J dx

x? (d+ex)

Problem 159: Unable to integrate problem.

ArcTanh[c x]?
j— dx

x (d+ex)

Optimal (type 4, 275leaves, 9steps):
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2ArcTanh[c x]2ArcTanh[1- —2—] ArcTanh[cx]2 Log| —2—]
1-cx . 1+cx B

q d
ArcTanh[c x]2 LOQ[M] ArcTanh[c x] Polylog[2, 1- 1-2cx]

(cd+e) (1+cx)

+

d d
ArcTanh[c x] Polylog|[2, -1+ : 2-]  ArcTanh[cx] Polylog[2, 1- —2—]|

l+cx

d d
ArcTanh[c x] Polylog[2, 1 - —2cldexl ] Polylog[3, 1- —2—]

(cd+e) (l+cx) 1-cx

d 2d
Polylog(3, -1+ —2—] Polylog[3, 1- i] PolyLog|
+

3, 1- 2c (d+ex) ]

1-cx (cd+e) (1+cx)

2d 2d 2d

Result (type 8, 19leaves):
ArcTanh[c x]?
J Sre Ml Xl ax

x (d+ex)

Problem 212: Result unnecessarily involves imaginary or complex numbers.

(1-a? xz)zAr‘cTanh[a x]2
J dx

x>

Optimal (type 4, 214 leaves, 29 steps):

a? aArcTanh[ax] 3a’ArcTanh[ax] 3 ,
- - + - —a"ArcTanh[a x]

12 x2 6 x3 2 X 4 4 x4
a% ArcTanh[a x]? 2 4 2
[ax] +2a*ArcTanh[ax]?ArcTanh |1 - | - —a*Log[x] + —a*Log[1-a%x?| -
x? 1-ax 3 3
|+

2
2 ArcTanh[a x] N

2

| +a*ArcTanh[ax] PolyLog[2, -1+
1-ax 1-ax

2

a* ArcTanh[ax] Polylog|2, 1 -

] - : a* Polylog|3, -1+

1 4
~a*Polylog[3, 1-
2 l1-ax 2 l1-ax

Result (type 4, 238 leaves):

1 2a?> 4aArcTanh[ax
il Y R . B [a X] .
24 x2 x3

36 a3 ArcTanh[a x]

6 ArcTanh[ax]2 24 a%2ArcTanh[ax]?

+ —

- 18 a* ArcTanh[a x]?2

X X4 XZ
16 a* ArcTanh[a x]* - 24 a* ArcTanh [a x]? Log 1 + e 2ArcTanhlax] ]
ax
24 a* ArcTanh[ax]? Log |1 - e?ArcTanhiax] ] _ 32 g% Log| ————— ] +
V1-a?x?

24 a* ArcTanh[a x] PolyLog[2, - e 2Ar<Tan(ax]] , 24 3% ArcTanh[a x] PolyLog|2, e?ArcTanhiax]] .

12 a4 PolyLog [3’ 7eszr'cTanh[a x] ] ~12 a4 PolyLog [3, eZAr'cTanh[a x] ]
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Problem 240: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[a x]?
J— dx

x3 (1— a? xz)

Optimal (type 4, 138 leaves, 13 steps):

aArcTanh[a x]

1, , ArcTanh[ax]?
-———————— + —a%ArcTanh[ax]?- ———

1 2 3
+ —a“ArcTanh[ax]” +
3

X 2 2 x2
2 1., 2,2 2 2 2
a‘Log[x] - —a Log[l—a X ] +a“ ArcTanh [a X] Log[Z— ] -
2 l+ax
X 2 1, 2
a‘ ArcTanh[a x] PolyLog[Z, -1+ ] -—a PolyLog[B, -1+
l+ax 2 l+ax
Result (type 4, 133 leaves):
,( i7® ArcTanh[ax] (1-2a>x?)ArcTanh[ax]?
-a” |- + + +
24 ax 2a%x?
1 3 2 2 ArcTanh[a x ax
~ ArcTanh[ax]® - ArcTanh[ax]?Log[1-e )] Log[ ————] -
3 V1 -a?x?

1
ArcTanh[ax] PolylLog|2, e?ArcTamax] |, = polylog|3, e?ArcTanhlax]]
2

Problem 246: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[ax]3
J— dx

x2 (1— a2 xz)

Optimal (type 4, 90leaves, 7 steps):

; ArcTanh[ax]?® 1 A 5 2
aArcTanh[ax]’ - ———— + —aArcTanh[ax]” + 3aArcTanh[a X] Log[Z— -
X 4 l+ax
2 3 2
3aArcTanh[ax] Polylog[2, -1+ | - =aPolyLog[3, -1+
l+ax 2 l+ax

Result (type 4, 93 leaves):
-a

i 3 ArcTanh[ax]3 1

- +ArcTanh[ax]3 + ArcTanhfax]” = ArcTanh[ax]* -3 ArcTanh[ax]? Log[1 - e*ArcTanh(ax) | _
8 ax 4

3
3 ArcTanh[ax] PolylLog |2, e?ArcTanhiax] ], = polylog|3, e?ArcTanhiax] ]
2

Problem 270: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[a x]?
J— dx

X (1—a2x2)2

Optimal (type 4, 136 leaves, 8 steps):
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1 axArcTanh[ax] 1 , ArcTanh[a x]? 1 3
- - —ArcTanh[ax]*+ ——— + —ArcTanh[a x]~ +
4 (1-a2x?) 2 (1-a*x?) 4 2 (1-a*x?) 3
X 2 1 2
ArcTanh[ax]?Log|2 - | - ArcTanh[ax] PolyLog[2, -1+ | - = PolyLog|3, -1+
1+ax l1+ax 2 l+ax

Result (type 4, 106 leaves):

1
— (is®-8ArcTanh[ax]?+ 3 Cosh[2ArcTanh[ax]] + 6 ArcTanh[ax]? Cosh[2ArcTanh[ax]] +
24

24 ArcTanh[ax]? Log[1 - e?AcTa(@x] | 4 24 ArcTanh[a x] Polylog|2, e?ArcTanh(ax) ]
12 Polylog|[3, e*Am<Ta(@x] | _ 6 ArcTanh[a x] Sinh[2ArcTanh[ax]])

Problem 272: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[a x]?
J— dx

x3 (1—a2 XZ)Z

Optimal (type 4, 205 leaves, 22 steps):

a? aArcTanh[ax] a3®xArcTanh[aXx]

4 (1-a%x?) X 2 (1-a2x?)

1, , ArcTanh[ax]? a?ArcTanh[ax]? 2 , 3
—a“ArcTanh[a x]* - + + —a“ArcTanh[ax]” +
4 2x2 2 (1-a*x?) 3

2 1 2 2,2 2 2 2

a’Log[x] - —a?log[1-a?x?| +2a?ArcTanh[ax]? Log|2 - -

2 l+ax
2
2’ ArcTanh[ax] Polylog|2, -1+ | -a?Polylog[3, -1+
l1+ax l1+ax

Result (type 4, 146 leaves):

a’ |2ArcTanh[ax] Polylog|2, e?ArcTanhlax]]

217 -16ArcTanh[ax]3+ 3 Cosh[2ArcTanh[ax]] + 6 ArcTanh[a x]?
24

2 a X
(2— —, +Cosh[2ArcTanh [ax]] +8Log[1-eArcTanhlaxi ]|, 24 Log| —————| -
a? x

1-a%2x?
6 ArcTanh[ax] (4+axSinh[2ArcTanh[ax]]) }

24 PolyLog [3, ez ArcTanh[ax] ]
ax

Problem 278: Result unnecessarily involves imaginary or complex numbers.

JAr'cTanh [ax]3
——dx

x2 (l—a2 x2)2

Optimal (type 4, 191 leaves, 12 steps):
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3a 3a%xArcTanh[ax] 3 , 3aArcTanh[a x]? 3
- + + —aArcTanh[ax]‘ - +aArcTanh[ax]® -
8 (1-a2x?) 4 (1-a2x?) 8 4 (1-a%x?)
ArcTanh[ax]3® a?xArcTanh[ax]3 3 A 5 2
+ + —aArcTanh[ax]® +3aArcTanh[a x] Log[Z— -
X 2 (1-a%x?) 8 l1+ax
2 3 2
3aArcTanh[a x] PolyLog[Z, -1+ } - faPolyLog[3, -1+
l+ax 2 l+ax
Result (type 4, 144 leaves):
1 . ; 16ArcTanh[ax]? 4
—a |21 -16 ArcTanh[a x]” - +6 ArcTanh[ax]* -3 Cosh[2ArcTanh[ax]] -

16 ax

6 ArcTanh[a x]2? Cosh[2ArcTanh[ax]] + 48 ArcTanh[a x]? Log[1 - e?ArcTanh(ax) |
48 ArcTanh[a x] Polylog|2, e?A™cTanhiax]] _ 24 polylog|3, e?ArcTanniax]|

6 ArcTanh[a x] Sinh[2ArcTanh[ax]] + 4 ArcTanh[a x]3Sinh[2ArcTanh[a x] ]

Problem 282: Attempted integration timed out after 120 seconds.

3
J dx
(1-a%2x?) 2 ArcTanh[a x]

Optimal (type 8, 43 leaves, 0steps):

Int| X x|

SinhIntegral[2 ArcTanh[a x]] (1-a>x?) ArcTanh[ax] ’

2a* a2

Result (type 1, 1leaves):

2?7

Problem 312: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[ax]?
J— dx

X <1—a2x2)3

Optimal (type 4, 196 leaves, 13 steps):

1 11 axArcTanh[ax] 1l1axArcTanh[ax] 11 )
+ - - - — ArcTanh[ax]“ +

32 <1_aZ XZ)Z 32 (1—a2 X2> 8 (1—a2 XZ)Z 16 (l—a2 xz) 32

ArcTanh[ax]? ArcTanh[ax]? 1 3 5 2

+ + — ArcTanh[a x]” + ArcTanh[a x] Log[Z— -
4(1-a2x?)? 2 (1-a%*x?) 3 1+ax
2 1 2
ArcTanh[ax] PolylLog[2, -1+ | - = PolyLog|[3, -1+
1+ax 2 1+ax

Result (type 4, 129 leaves):
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ArcTanh[a x] PolylLog |2, e?ArcTanh(ax]]

1

—— (321 7 - 256 ArcTanh [a x] + 144 Cosh [2 ArcTanh [a x] ] + 3 Cosh[4 ArcTanh[ax]] +
768

24 ArcTanh[ax]? (12 Cosh[2 ArcTanh[ax]] + Cosh[4 ArcTanh[ax]] + 32 Log|[1 - e2ArcTanhlax] | ) -
384 Polylog|[3, eArcTannlaxl| _

12 ArcTanh[ax] (24 Sinh[2ArcTanh[ax]] +Sinh[4 ArcTanh[ax]]))

Problem 319: Result unnecessarily involves imaginary or complex numbers.
ArcTanh[ax]3
J— dx

x2 (1—a2 x2)3

Optimal (type 4, 281 leaves, 21 steps):
3a 93 a 3aZxArcTanh[ax] 93 a?xArcTanh[ax]
- + +
128 (1-a2x2)? 128 (1-a’x?) 32 (1-a2x2)? 64 (1- a2 x2)

+

, 3aArcTanh[ax]? 2laArcTanh[ax]? ArcTanh[ax]3

93
—— aArcTanh[a x]

+aArcTanh[ax]?- ———————+
128 16 (1,32X2)2 16 (1-a?x?) X
a?xArcTanh[ax]3 7a?xArcTanh[ax]3® 15 . 5 2
+ + — aArcTanh[ax]® + 3 aArcTanh[a x] Log[Z— } -
4(1—a2x2)2 8 (1-a%x?) 32 l+ax
2 3 2
3 aArcTanh[a x] PolyLog[Z, -1+ } - —aPolyLog[B, -1+
l1+ax 2 l+ax

Result (type 4, 218leaves):

i3 ; ArcTanh[ax]?® axArcTanh[ax]?
-a |- +ArcTanh[ax]” + - -
8

ax 1-a2x?

15 3 3
—— ArcTanh[ax]%+ = Cosh[2ArcTanh[ax]] + — ArcTanh[a x]% Cosh[2 ArcTanh[ax]] +
32 8 4

3 Cosh[4 ArcTanh[a x]]
i

1024 128
3 ArcTanh[a x] 2 Log [1 _ @2 ArcTanh[ax] } -3 ArcTanh[a x] PolyLog [2, @2 ArcTanh[ax] ] 4

ArcTanh[a x]? Cosh[4 ArcTanh[ax]] -

3 3
= Polylog|[3, e?A"emhlax] ] _ = ArcTanh[ax] Sinh[2ArcTanh[ax]] -
2 4

3 1
—— ArcTanh[a x] Sinh[4 ArcTanh[ax]] - — ArcTanh[a x]3 Sinh[4 ArcTanh[a x] ]
256 32

Problem 383: Result more than twice size of optimal antiderivative.

ArcTanh[ax]3
J— dx

1-aZx?

Optimal (type 4, 153 leaves, 10 steps):



36 | Mathematica 11.3 Integration Test Results for 7.3.4 u (a+b arctanh(c x))~p.nb

2 ArcTan | eAreTanhiax] | ApcTanh[a x] 3

a

3 i ArcTanh[a x]? PolylLog [2, — i @ArcTanh[ax] ] 3 i ArcTanh[a x]2 PolyLog [2, i gArcTanh[ax] }
+ +
a a

6 i ArcTanh[a x] PolylLog|3, - i eArcTanhlax] 6 1 ArcTanh[a x] Polylog|3, i eArcTanhiax]
yLog yLog

a a

6 i PolylLog[4, -i eArcTanhiaxl ] 6 i PolylLog[4, i eArcTanhlax] ]
+
a a

Result (type 4, 451 leaves):

1
- i |77*+8173ArcTanh[ax] +24 7% ArcTanh[a x]? - 32 i wrArcTanh[a x]> - 16 ArcTanh[ax]%+
64 a

8i 7 Log[1+i e reTanhax]] , 48 5 ArcTanh[a x] Log[1 + i e AreTanhiax) | _

96 i s1ArcTanh[ax]? Log[1+i e AcTa(ax]] _ 64 ArcTanh[ax]? Log[1 + i e ArcTanh(ax]

48 7* ArcTanh [a x] Log[1 - i e™T@™[ax] ] ;96 j y ArcTanh[ax]? Log[1 - i eAreTanhlax]] _
8 i 77 Log [1 + i ehArcTanhax] } + 64 ArcTanh[a x] > Log [1 + 1 @ArcTanhax] } .

81’17T3Log[Tan[l (m+21iArcTanh[ax])]|] -48 (7T—21'1Ar‘cTanh[ax])2
4

PolyLog[2, -i e rcTan(ax]] 4 192 ArcTanh[a x]? Polylog[2, - i efreTanhiax)|
48 7 Polylog|2, i e "cTa(ax]] 192 j s ArcTanh[a x] PolylLog[2, i efrcTanniax]
192 i rPolylog|3, - i e AcTaM(axl ], 384 ArcTanh[a x] Polylog|3, -i e ArcTannlaxl| _
384 ArcTanh[ax] Polylog|3, -i e*"™@(ax]] _192 i 5 Polylog|3, i eArcTamhiax]]

384 PolyLog[4, - i e ArcTann(ax]] ;384 polylog|4, -i eArcTanhiax]]

Problem 405: Result more than twice size of optimal antiderivative.

x? ArcTanh[a x]3
J dx

(1-a2 x2)3/2

Optimal (type 4, 246 leaves, 13 steps):
6 6 x ArcTanh[ax] 3 ArcTanh[ax]?

- +
alV/1-a2x? az+V1-a%x? alv1-a?x?

x ArcTanh[ax]3 2ArcTan|eArcTanh(ax] | ApcTanh[a x]3
- +

3
a?+V1-a%x? a

3 i ArcTanh[a x]2Polylog|2, —i eArcTanh(ax] 3 i ArcTanh[a x]2 Polylog|2, i eArcTanhlax]
yLog yLog

+

a3 a3
6 i ArcTanh[a x] PolylLog [3, - i @ArcTanh(ax] ] 6 i ArcTanh[a x] PolylLog [3, i @ArcTanh(ax] ]
a3 : a3 :

6 i PolyLog[4, - i eArcTanhiaxl ] 6 i PolylLog[4, i eArcTanhiax] ]

3

3

a a

Result (type 4, 541 leaves):
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1 - 384 3 384 a x ArcTanh[a x]
71in"- — -8 ArcTanh[a x] + +

642> NEpr Viad

192 ArcTanh[a x]?

24 1 72 ArcTanh[a x]? +32mArcTanh[ax]3+

1-a2x?

64 a x ArcTanh[a x]3
V1-a?x?

48 i n* ArcTanh[ax] Log[1+ i e ArTaiaxl] . 96y ArcTanh[a x]? Log[1 + i e ArcTannlax) ] _

64 i ArcTanh[ax]? Log[1+i e #"T@™[ax]] _48 i n? ArcTanh[a x] Log[1 - i e*reTenhlax]] _

96 rArcTanh[ax]? Log[1 - i e*™eTemiax]] , 8 73 | og 1 + i efreTamhlax] |

-16 i ArcTanh[ax]* - 87 Log[1+ i e ArcTanhlax] ]

1
64 i ArcTanh[ax]® Log |1+ i eA"T@2x] ] _ 8 3 Log|[Tan]|

Z (n+211Ar‘cTanh[aX])H -
+

48 i (n-21iArcTanh[ax])?PolyLog[2, -i e ArcTanhlax]]
192 i ArcTanh[ax]? PolylLog[2, - i er<Temhliax] | _

48 i n* Polylog|2, i e "cTaM(ax]] _ 192 ;rArcTanh[a x] PolyLog[2, i efrcTanniax)] _
192 7 PolyLog|[3, - i e A"Tah(axl] , 384 j ArcTanh[a x] Polylog|3, -i e ArcTannlax]] _
384 i ArcTanh[a x] Polylog[3, -i e*"™@™M(@x]] ;192 5 PolyLog|3, i eAreTamhiax]]

384 i Polylog|4, -1 e ArTaM(ax]] ; 384 i polyLog[4, - i efreTanniax]]

Problem 412: Attempted integration timed out after 120 seconds.

2

X
J dx
(1-a2x?)%?ArcTanh[a x]

Optimal (type 8, 27 leaves, 0 steps):

2
Int| X » X]
(1-a%2x?) *'2 ArcTanh[a x]

Result (type 1, 1leaves):

???

Problem 458: Result more than twice size of optimal antiderivative.

(1-a2x?)%?ArcTanh[ax]
J dx

x’

Optimal (type 4, 243 leaves, 24 steps):
av1-a2x2 19a3+v/1-aZx? 31a%+V1-a’x? +/1-a2x? ArcTanh[ax]
+ + -

+

30 x° 360 x> 720 X 6 x°
7a?+1-a’x? ArcTanh[ax] a*+V1-a?x? ArcTanh[ax] 1 ¢ V1-ax
- - —a®ArcTanh[ax] ArcTanh| ————] +
24 x4 16 x2 8 Vi+ax
1 Vv1-ax 1 Vv1-ax
— a®Polylog|2, - ————] - — a°Polylog[2, ——|

16 V1+ax 16 Vi+ax
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Result (type 4, 530 leaves):

1
_— 3%
192
1 1 R aszch[%Ar‘cTanh[ax]}4
-8 Coth| ~ ArcTanh[ax] | - 6 ArcTanh[a x] Csch| — ArcTanh[ax] | - -
2 2 /1 - a2 x2
1
3ArcTanh[ax] Csch| = ArcTanh[a x] ]4 - 24 ArcTanh[ax] Log|[1 - e ArcTanh(ax] ], 24 ArcTanh[a x]
2
Log {1 4 e—ArcTanh[a x] ] _24 PolyLog [2’ 7e—Ar‘cTanh[a x] ] 124 PolyLog [2’ e—Ar‘cTanh[a x] ] _
1 1
6 ArcTanh[a x] Sech[ = ArcTanh[a Xx] ]2 +3ArcTanh[ax] Sech[ = ArcTanh[a x] ]4 -
2 2
16 (1—a2x2)3/2 Sinh[iAr‘cTanh[ax]]4 1
+ 8 Tanh [ — ArcTanh[a x] ] +
a® x3 2
6 1 1 2
a® | -76 Coth|[ — ArcTanh[ax] | - 9@ ArcTanh[a x] Csch| — ArcTanh[ax] | -
5760 2 2

26 ax Csch[ 2 ArcTanh[a x]}4 1 .
2 - 90 ArcTanh[ax] Csch| = ArcTanh[ax]]| -

V1-aZx? 2
3axCsch [iAr‘cTanh rax]®
360 ArcTanh[a x] Log[1 - e A"<Tem(ax] ], 36@ ArcTanh[a x] Log[1 + e ArcTanhlax] | _
360 Polylog [2, _ @ ArcTanh[ax] ] + 360 PolylLog [2, @ ArcTanh[ax] } _

1 6
- 15 ArcTanh[a x] Csch[fAr‘cTanh[a x]} -
2

1 1
90 ArcTanh[a x] Sech| = ArcTanh[a x] ]2 +90 ArcTanh[ax] Sech| = ArcTanh[a x] ]4 -
2 2

416 (1-a%x?)*'sinh[ 2 ArcTanh(ax] |*
N

1
15 ArcTanh [a x] Sech| — ArcTanh[a x] ]6 -
2 a3 x?

1 1 4 1
76 Tanh [~ ArcTanh[ax] | + 6 Sech| =~ ArcTanh[ax] | Tanh| = ArcTanh[ax] |
2 2 2

Problem 502: Result unnecessarily involves imaginary or complex numbers.

dx

JAr‘cTanh [aX]
c+dx?

Optimal (type 4, 429 leaves, 17 steps):
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Ve d x

a a
_Log[l—ax] Log| NS ] ) Log[1+ax] Log| NS ] )
4+ -c \/? 4+ -c \/?
a (Vo Vd x a (VoC N/ x i
Log[1+ax] Log| e ] ) Log[1-ax] Log| e ] ) Polylog|2, —a@(ﬁ{—av%}
a—c vd 4+—c Vd 4~/-c Vd
PolyLog|2, Vd d-ax) | PolyLog|2, _Vd dsax) | PolyLog|2, Vd dsax) ]
av e sV d s e /d
av—cd a—c \d 4-c\d
Result (type 4, 662 leaves):
.2
-————a|-2iArcCos]| | ArcTan| | +4ArcTan| | ArcTanh[ax] -
4~/a’cd a’c+d a’cd a’cd x
_a?cad adx Zjac(jd+\/a2cd)<—1+ax)
ArcCos | | +2ArcTan| ————] | Log]|
a’c+d Vatcd (a2c+d) (ac+j1\/a2cd x)
_a?c4d adx 2ac(d+i\/a2cd)(1+ax)
ArcCos|[————| - 2ArcTan| ———] | Log] |+
a’c+d VaZcd (a2 c+d) (ac“‘l\/azcd x)
~a2c+d dx
ArcCos|[————| + 2 |ArcTan| | +ArcTan|
a’c+d vaZcd x vatcd
ﬁme—ArcTanh[ax]
Log| |+
Valc+d \/azc—d+ (a%c +d) Cosh[2ArcTanh[ax]]
—a?c+d ac adx
ArcCos | ————| -2 |ArcTan| | +ArcTan| ———]
a’c+d VaZcd x a’cd
\EmeArcTanh[ax]

Log|

] +

Vvatc+d \/azc—d+ (a2c+d) Cosh[2 ArcTanh[a x] ]

-PolyLog [2,

(—a2c+d—2jm/a2cd> (J‘lac+\/a2cd x)

i

+

(a2c+d) (—J’lac+\/a2cd x)
(—azc+d+211\/a2cd) (1‘1ac+\/a2cd x)

PolyLog|2,

(a?c+d) (—J’Lac+\/a2cd x)

Problem 504: Result more than twice size of optimal antiderivative.

ArcTanh[a x]
J SrEAmA XL ax

(c+dx2)3

Optimal (type 4, 657 leaves, 23 steps):

| 39
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3 ArcTan| %] ArcTanh[a x]

a x ArcTanh[a x] 3 xArcTanh[a X] c
+ + + +
8c(a2c+d> (c+dx2) 4c(c+dx2)2 8c2(c+dx2> 8c5/2+/d
31 Log[ V/d (1-ax) ] Log{l— i+/d x} 313 Log[— V/d (1+ax) } Log[l— i+/d x]
iaVe/d Ve iaveVa Ve J
32c¢52+/d 32c¢52+/d
3i Log[- Y4-@-axl ] og[1, A X] 3 og[Ydeaxi ] ggfq, LVdx]
iac -/d c . ia/c +V/d c .
32¢52+/d 32c¢52+/d
. a (e -id x
a(5a2c+3d) Log[1-a%x?] o a (5a2c+3d) Log[c+dx?] . 3 i Polylog|2, ave ivd ] )
16 c2 (azc+d)2 16 c2 (a2c+d)2 32¢524/d
) a(+vc-i+d x ) a(+vc+id x ) a(+c+id x
3i Polylog|2, N ]+31PolyLog[2, NE—— ]_31PolyLog[2, E—— ]
32¢52+/d 32c¢52+/d 32¢52+/d
Result (type 4, 1840 leaves):
2cy 2y
| 5 Log[l i (a%c+d) Coszfi?:cTanh[aX]] ] ) 3d Log[1+ (2% c+d) Coszz[if:ﬂa”h[ax]] ] )
16a2c (a2c+d)2 16 a% 2 (a2c+d)2
1 ] a’c-d adx
3 |-21iArcCos|- | ArcTan| ———] +
32a2c+/a%cd (a2c+d) a’c+d a’cd
ac a’c-d adx
4Ar‘cTan[ ] ArcTanh[a x] - Ar‘cCos[— ] - 2Ar‘cTan[7
Va%cd x a’c+d Vva?cd
(azc—d—Zj\/azcd)(Zazc—Zja\/azcd x) a2c_d
Log[1- | + | -ArcCos |- -
(a2c+d) (2a2c+21a\/a2cd x) a’c+d

adx (azc—d+21\/a2cd) (Zazc—Zia\/azcd x)
2Ar‘cTan[7] Log[l— ] +
Vva?cd (a2c+d) (2a2c+211a\/a2cd x)
ac-d , _ ac , adx
Ar‘cCos[— ] +21 —nArcTan[i] - nArcTan[i
a2c+d VaZcd x VaZcd
ﬁme—Ar‘cTanh[ax]
Log | |+
Vatc+d \/azc—d+ (a%c +d) Cosh[2ArcTanh[ax]]
atc-d , . ac , adx
ArcCos | - | -21i|-iArcTan| ———] - i ArcTan] ]
a’c+d VvaZcd x acd
ﬁmeArcTanh[ax]
Log | |+

Vva%c+d \/azc—d+ (a2c+d> Cosh[2 ArcTanh[a x] ]
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[ (achdfzjm/azcd)(Zachzja\/azcd x)]
i |Polylog|2, -

(a2c+d) <2a2c+2j1a\/a2cd x)

(azc—d+2j1\/a2cd) 2a?c-2ia+va?cd x)
PolyLog[Z, -
(a2c+d) (2a2c+21'1a\/a2cd x)
1 _ a’c-d adx
3d|-2 JlAr‘cCos[— } Ar‘cTan[ ] +
32a%c2+/a%cd (a2c+d) a’c+d Vva2cd
ac 2¢c-d adx
4 ArcTan| | ArcTanh[ax] - |ArcCos |- | -2ArcTan|
Vvatcd x a’c+d VvaZcd
[ (azc—d—Zi\/azcd) (Zazc—Zia\/azcd x)]
Log|1- ¥
(a2c+d) (2a2c+21'1a\/a2cd x)
a’c-d adx
-ArcCos [— } - 2ArcTan [
a’c+d VaZcd
[ (azc—d+2j1\/a2cd) (Zazc—Zja\/azcd x)]
Log(1 - .
(a2c+d) (2a2c+2j1a\/a2cd x)
a’c-d , , ac , adx
ArcCos [ - | +21 [-iArcTan| | -iArcTan| ———] ]
aZc+d Vatcd x Va%cd
ﬁme—Ar‘cTanh[ax]
Log | ]+
Vvatc+d \/a2c7d+ (a?c+d) Cosh[2ArcTanh[ax]]
a’c-d , , ac , adx
Ar‘cCos[— ] -21 —JlAr‘cTan[ ] - lArcTan[i]
azc+d JaZcd x Jatcd
ﬁ m eArcTanh(ax]
Log| |+

Vatc+d Jazc—dJr (a2 c+d) Cosh[2ArcTanh[ax]]

(azc—d—zj\/azcd) (Zazc—zia\/azcd x)
i |PolyLog|2, | -
(a2c+d) <2a2c+21'1a\/a2cd x)
(azc—d+2j1\/a2cd) (Zazc—Zja\/azcd x)
PolyLog[Z, +
(a2c+d) (2a2c+21'la\/a2cd x)

(dArcTanh[ax] Sinh[2 ArcTanh[ax]]) / (2 a’c (a’c+d)
(a>c-d+a*cCosh[2ArcTanh[ax]] +dCosh[2ArcTanh[ax]]) 2) +
(2a®cd+5a*c*ArcTanh[ax] Sinh[2 ArcTanh[ax]] +
8a’ cdArcTanh[ax] Sinh[2ArcTanh[ax]] +3d?ArcTanh[ax] Sinh[2ArcTanh[ax]]) /

(8 a*c? (a2c+d)2 (a>c-d+a*cCosh[2ArcTanh[ax]] +dCosh[2ArcTanh[a x}]))
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Problem 506: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
JAr‘cTanh[b X] 4

1 - x?

X

Optimal (type 4, 171 leaves, 17 steps):

1 b (1-x) 1 b (1+x)
= Log|[- | Log[1-bx] - ~ Log]
4 1-b 4 1+b

1 b (1-x) 1 b (1+x)
fLog[ }Log[1+bx}+fLog[—

4 1+b 4 1-b
1-bx 1 1+bx 1 1+bx
| + = PolylLog|2, | - = Polylog|2,
1+b 4 1-b 4 1+b

| Log[1-bx] -

} Log[1l+bx] + lPolyLog[Z, 7} -
4 1

]

1
= Polylog|2,
4

Result (type 4, 576 leaves):
2 NEY
21’1Ar‘cCos[1+b bx b

| ArcTan|
1-b2 N~y b x

2b (-1+V/-b7 | (-1+bx)
Log| -
(-1+b2) (~ib+/-b7 x|
2b (i+V/-b7] (1+bx)

(-1+0?) (-2b+/-b7 x|

1

4/ -b?

b

| ArcTanh[bx] -

2

ArcCos | 1 | -2ArcTan|

1-b? N2

1+ b2
ArcCos | | +2ArcTan|
1-b? NaTY)

]]Log[

1+b?
ArcCos [

1—b2}_2

v -b? b
Ar‘cTan[ ]+Ar‘cTan[ X }
b x 1/7b2
\/Tﬂlibz @-ArcTanh(bx]
V-1+b2 \/1+b2+ (-1+b?) Cosh[2ArcTanh[bx]]

V-b2 b x }J]

Log|

} +

2

1+
ArcCos |

1,b2}+2

ArcTan | | +ArcTan|

b x N
ﬁmeArcTanh[bx]

Log[ }+
V-1+b? \/1+b2+ (-1 +b?) Cosh[2ArcTanh[bx] ]
1+b2—21‘1\/—b2) (b—j\/—bz x)
(-1+62) [b+i/-b? x)
(1+b2+211\/—b2> (b—i\/—bz x)

(-1+b2) [b+iv-b? x|

i

PolyLog|2, (

PolyLog|2,

Problem 507: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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ArcTanh[a + b x]
J dx

1-x2

Optimal (type 4, 203 leaves, 17 steps):

1 b (1-x) 1 b (1+x)

~Log[-——"] Log[l-a-bx] - ~Log[———]|Log[l-a-bx] -

4 l1-a-b 4 l1-a+b
= b (1-x) 1 b (1+x) 1 1-a-bx
fLog[i} Log[l+a+bx] +7Log[—7] Log[1l+a+bx] +7PolyLog[2, 7] -
4 l+a+b 4 l1+a-b 4 1-a-b
1 l1-a-bx 1 l+a+bx 1 l+a+bx

= Polylog[2, ——| + = PolylLog|2, —————| - =~ PolyLog[2, ——|
4 l1-a+b 4 l1+a-b 4 l+a+b

Result (type 4, 646 leaves):
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1 -1+a -1+a
- ————— | -2ArcTanh| | ArcTanh[x] + 2 a? ArcTanh |
4 (-1+a?) b b

| ArcTanh[x] +

1+ 1+a
]

a
2 ArcTanh|[ =] ArcTanh[x] - 2 a® ArcTanh| ArcTanh[x] - 2 b ArcTanh[x]2 +
b

-1+2a-a%>+b? L -1+2a-a%+b?
b\/ . ghreTanh[ }Ar‘cTanh[x]2+ab\/ 5
b b

1a 1+2a+a%-b? a
eA"Ta”h{ = ArcTanh[x]2? + b\/2 eA"CTa"h{ 2 ArcTanh[x]? -
b

1+2a+a%-b? 1.2
* \/ T AT [X2] A Tanh [x]2 +4 ArcTanh[x] ArcTanh[a + b x] -
b
“1:a

_1"'3} Log[1762 (Ar‘cTanh{ .

4 a2 ArcTanh [x] ArcTanh[a + b x] + 2 ArcTanh [ }*A"CTa"h[X]) }

-1+a

5 }+Ar~cTanh [x] ) ]

Ar‘cTanh{

2 a2 ArcTanh | a] Log[lfez( +

-1

+a
b

2 ArcTanh[x] Log|1 - e’ (ArcTann | 2] +arcTanh x] | - 2a% ArcTanh [x]

-l+a

2 (Ar‘cTanh{ . }+Ar‘cTanh[x]) }

Ar‘cTanh{hTa} +ArcTanh[x]) ] +

Log[l-e —2Ar‘cTanh[1+Ta] Log[l—ez(

Ar‘cTanh{lg—a] *AV‘CTanh[X]) ] -2 ArcTanh[x]

2 a2 Ar‘cTanh[lfa] Log[1- e’ (

2 (ArcTanh{lg—a] +ArcTanh [x]) ] 2 (Ar‘cTanh[:—a} +ArcTanh [x]) }

Log[1l-e +2a’ArcTanh[x] Log[1-e

-1+a

1-a
2 ArcTanh | | Log[i Sinh[ArcTanh| T} - ArcTanh(x]|] +

-1+a

2 a? ArcTanh [ ] Log[j Sinh [Ar‘cTanh [ 1_Ta] - ArcTanh [x] } ] +
1+a 1+a
2 ArcTanh | T] Log[-i Sinh[ArcTanh| T} +ArcTanh([x] ]| -

1+a o 1+a
2a2 Ar‘cTanh[T] Log|-i Sinh [Ar‘cTanh[T] +ArcTanh([x] || -

-1+a

2 (Ar‘cTanh{ 5

+ArcTanh [x] 2 (ArcTanh | 12 +ArcTanh [x]
]+ : ]

(-1+a%) PolyLog[2, e -1+a’) Polylog|2, e

Problem 508: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

ArcTanh[x]
J SrEAX ax

a+bx

Optimal (type 4, 86 leaves, 4 steps):
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ArcTanh [x] Log[ﬁ} ArcTanh[x] Log [ —2(2Lx_]
+

(a+b) (1+x)
_ : ;
Polylog[2, 1- 2] Polylog[2, 1~ 2 2px—]
2b B 2b

Result (type 4, 260 leaves):

1 a2 a
— |-n® +4ArcTanh[=]" +4 i wrArcTanh [x] + 8 ArcTanh| — | ArcTanh[x] +
8b b b

8ArcTanh[x]? -4 i 7 Log |1+ AT x| _ g ArcTanh[x] Log[1 + e2ArcTannix] ]

E ArcTanh {

8 ArcTanh [ N ] Log [1 _e? ( }+Ar~cTanh[x]) ]

+ 8 ArcTanh [X] Log [1 _ e—z (Ar‘cTanh{Z—} +Ar‘cTanh[x]) }

2
b +

. 2 2
4irLog)———]| +8ArcTanh[x] Log[ ————] +4ArcTanh[x] Log|[1-x?] +

Vi-x2 Vi-x2
8 ArcTanh[x] Log[i Sinh [Ar‘cTanh[E} +ArcTanh(x] || -

a a
8 ArcTanh | E] Log[2 i Sinh|ArcTanh| E] +ArcTanh[x]]] -

8 ArcTanh [x] Log [2 1 Sinh [Ar‘cTanh [ %} +ArcTanh [x] ] ] -

4 PolyLog [2, _ (EZ ArcTanh [x] } _4 PolyLog [2, e-z (ArcTanh[E—] +ArcTanh [x]) ]

Problem 509: Result unnecessarily involves imaginary or complex numbers.

dx

ArcTanh [x]
J a+bx?
Optimal (type 4, 397 leaves, 17 steps):

Log[1-x] Log[ L2=L2X]  Log[1+x] Log[L{2=L0X]

_ Vea b Do N
4+/-a Vb 4+/~a /b
A -a +vVb x _ V-a /b x _ Vb (1-x
Log[1+x] Log| N ] ) Log[1-x] Log]| N ] ) Polylog|2, L(—Lﬁﬁ}
4+/-a Vb 4+/~a /b 4+ "a Vb
PolyLog|2, M] PolyLog|2, _M} Polylog|2, Vb (12,
Va b ) VoAb V=a /b
4+/-a \b 4+/-a Vb 4+/~a Vo

Result (type 4, 485 leaves):
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- ! —ZAEAPCCOS[_ b] ArcTan[ bx }4—4ArcTan[ ]ArcTanh[x}—
4+/ab a+b \Jab \Jab x
Caib b x 2iafib+/ab ) (~1+x]
ArcCos | | +2ArcTan| }JLog[ | -
a+b Vvab (a+b) (aﬂi\/ab x)
_ b b x 2a(b+1’1\/ab) <1+X>
ArcCos | ]-—ZArcTan[—————}JLog[
a+b ab (a+b) (a+1’1\/ab x)
ArcCos[7 b]4f2 ArcTan | | +ArcTan| ]]]
a+b Vvab x Vab
ﬁme#\r‘ﬂanh[x]
Log[ ]+
Vva+b \/a—b+ (a+b) Cosh[2ArcTanh[x]]
- b b x
ArcCos | | -2 |ArcTan| | +ArcTan| ]]]
a+b vab x “ab
ﬁmeArcTanh[x]
Log| |+

\/m\/a-m (a+b) Cosh[2ArcTanh([x]]
(-a+b-2i+ab | (1a+Vab x|
(a+b) [-ia+Vab x|
~asbs2iab | (ia+Vab x|
(asb) (-ia+vab x|

—PolyLog[Z,

i

PolyLog[Z, (

Problem 510: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

ArcTanh [x]
ji dx

a+bx+cx?

Optimal (type 4, 258 leaves, 10 steps):

2 (bf\/ b?-4ac +2cx
[b+2 c-+/b%>-4ac ] (1+x) b+2c+/b%-4ac

Vb?-4ac Vbr-4ac

Z[b—MQCX 2(b+\/m+2cx

(b+2 C—MJ (1+%) [b+2 c+\/m] (1+%)
26 dac + 267 aac

Result (type 4, 910 leaves):

2 [bw/ b?-4ac +2cx

ArcTanh[x] Log]| | ArcTanh[x] Log|

(1+x)

Polylog[2, 1- | PolyLog[2, 1-
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1

2+v-b%2+4ac (b2—4c2)

-b-2c¢ -b+2¢c

C <a+b+c> J'LAr‘cTan{ C (aberc) J'LAr‘cTan{

2 -b%2+4ac |b — T e NEcwv bl Sl ) B Toan )
-b2+4ac b2idac
c(a+b+c) iArcTan| 22 c(a-b+c) iArcTan| 22
2¢c |-1+ ¥ e {m + Q e {\/m
-b2+4ac b2idac
b+2cx 2 b+2cx
ArcTan| —————— "+ (b®-4c*) ArcTan| ——————— |
i -b-2c . -b+2c
~d ArcTan[ ——————] +i ArcTan| | +2ArcTanh[x] +
V-b?+dac vV blidac

b-2c b+2cx b+2c b+2cx

21 {Ar‘cTan e +Ar‘cTan{ ] 21i [Ar‘cTan —2° | +ArcTan ]
LOg [1 -e  baac o b2eaac ] _ Log [1 —e \ -b?iaac  baac } .
-b- 2i |ArcTan| —22¢ | arcT &]
(b?-4c?) Ar‘cTan[i] Log[l-e ¢ preten] roveol M on| a1 -
V-b2+dac
Log[Sin [Ar‘cTan[fbf#] + ArcTan [ &] } ] N
-b+2c 21 [Ar‘cTan{ b2c ]+Ar‘cTan{ b+2cx

\ -b?+d4ac -b?+4ac

ArcTan [

7] [Log[le
V-b2+dac

V-b2+4ac  -b’+dac

Log[Sin [Ar‘cTan{_bJr#] +ArcTan| ﬂ] 1] ] J -

-b-2c

21 ArcTan[ +ArcTan{&]
i (b?-4c?) PolyLog|2, e baaac e ] 4
1
(b2 -4 cz)
ZJ'L[Ar‘cTan{ o2 +Ar‘cTan{&]
PolylLog|2, e Votaac Vo ']

Problem 527: Unable to integrate problem.

J(a+ bArcTanh[cx]) (d+elog[1-c?x?]) i

X

Optimal (type 4, 216 leaves, 14 steps):
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1 1
adlog[x] - —belog[cx] Log[l-cx]?+ —belog[-cx] Log[1l+cx]?-
2 2
1 1
~bdPolylog[2, ~cx] + —be (Log[1-cx] +Log[1+cx]-Log[1-c?x?])Polylog[2, -cx] +
2 2
1 1
—bdPolylog[2, cx] - —be (Log[1l-cx]+Log[l+cx]-Log[1-c®>x?])Polylog(2, cx] -
2 2

1
~aePolylog[2, c?x?] -belog[1-cx] PolylLog[2, 1-cx] +
2

belog[l+cx]PolyLog[2, 1+cx] +bePolylLog[3, 1-cx] -bePolylLog[3, 1+cX]

Result (type 8, 29leaves):

J(a+ bArcTanh[cx]) (d+elog[1-c?x?]) ix

X

Problem 528: Result more than twice size of optimal antiderivative.

J(a+ bArcTanh[cx]) (d+eLlog[1-c2x?])

dx
2

Optimal (type 4, 105leaves, 6 steps):

ce <a+bAr‘cTanh[cx])2 (a+bArcTanh[cx]) (d+eLog[1—c2x2])

- b ; X :

1 1 1 1
“bc(d+elog|l-c?x?])Log|l-——]| - =bcePolylLog|2, ————
A c (d+elog[1-c*x*]) Log]| 1—c2x2] 5 cePolylog| 1—c2x2]

Result (type 4, 332leaves):

1
-— |4ad+4bdArcTanh[c x] +8acexArcTanh[cx] +
4 x

1 2 1 2
4bcexArcTanh[cx]?-4bcdxlog(x] -bcexlog[-—+x| -bcexlog[~+x]| -
c c

1 1
2bcexlog[~ +x] Log[; (1-cx)]+4bcexlog[x] Log[1-cx] -
c
1
2bcexLog[-~ +x]| Log|
c

4aelog|l-c?x?| +2bcdxlog[1-c?x*| +4beArcTanh[cx] Log|[1-c?x?| -

(1+cx)] +4bcexLlog[x] Log[1+cx] +

N |

4bcexLlog(x] Log[1-c?x?] +2bcexLog{—l+x] Log[1-c?x?] +
c

1
2bcexLog[~+x]| Log[1-c?x?| +4bcexPolylLog[2, -cx] +4bcexPolylog[2, cX] -
c

C

1 X
2bcexPolylog[2, —- — ] -2bcexPolylog[2, — (1+cx) |
2 2

N |-

Problem 530: Result more than twice size of optimal antiderivative.

J(a+bAr'cTanh[c x]) (d+elog[1-c?x?]) i

X4
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Optimal (type 4, 197 leaves, 15 steps):

2c?e (a+bArcTanh[cx]) c’e (a+bArcTanhicx])?

1
-bc?elog[x] + ~bcelog[1-c?x?] -
3

3x 3b
bc(1-c2x?) (d+elog[1-c2x?]) (a+bArcTanh[cx]) (d+eLlog[l-c?x?])
- +
6 x2 3x3
1 1 1 1
“bc® (d+relog|l-c?x?|) Log|/l1-———] - =bc2ePolylog|2, ——
oD (dretog[1-c®x]) Log[1-————] - ytog[2, ————7
Result (type 4, 460 leaves):
1 2ad bcd 4ac’e 3 2bdArcTanh[c x]
— |- - + -4ac’eArcTanh[cx] - +
6 x3 x? X x3

4bc?eArcTanh[c x]

-2bc3eArcTanh[cx])?2+2bc3dLlog[x] -2bc3elog[x] +
X

lbc3eLog[—l+x}2+lbc3eLog[l+x]2+bc3eLog[l+x] Log[l (1-cx)] -
2 c 2 c c 2

3 B 3 73
2bc*elog(x] Log[1l-cx] +bc’elog[-~ +x] Log|
c

N |

(1+cx)]-2bc®elog[x] Log[1+cx] -

2 L 1-c?x?
CX }7bc3dLOg[lfC2X2}+bC39Log[17c2X2], ae og[ CX},

3
1-c2x? X

bceLog[l—czxz} 2beArcTanh[c x] Log[l—czxz]

4bc’elog|

+2bc?elog(x] Log[1-c?x?] -
x? x3

bc3eLog[—1+x] Log[1-c?x?] —bc3eLog[l+x] Log[1-c?x?| -2bc?ePolylog[2, -cX] -

c c
1 cx 1
2bc3ePolylog[2, cx] +bc®ePolylog[2, = -] +bc®ePolylog[2, = (1+cx) ]
2 2 2
Problem 532: Unable to integrate problem.
(a+bArcTanh[cx]) (d+elog[1-c?x?])
J i dx
Optimal (type 4, 256 leaves, 24 steps):
7bc3e 2c?e (a+bArcTanhcx]) 2c*e (a+bArcTanh[cx]) c5e<a+bAr‘cTanh[cx}>2
+ + - -
60 x2 15 x3 5 X 5b
bc (d+elog|l-c?x?
Ebc-r’eLog[x}+Ebc5eLog[1—c2x2}— ¢ (drelog| CX”—
6 60 20 x*
bc® (1-c?x?) (d+elog[1-c*x?|) (a+bArcTanh[cx]) (d+elog[1l-c?x?])
.
10 x? 5 x>
1 1 1 1
—bc® (d+elog|l-c?>x?|) Log/ll-——] - —bc’ePolylog|2, —————
" c(d+e og[1-c x}) og| 1—c2x2} " c® e PolyLog| Lo

Result (type 8, 29leaves):



50 | Mathematica 11.3 Integration Test Results for 7.3.4 u (a+b arctanh(c x))~p.nb

J(a+ bArcTanh[cx]) (d+elog[1-c?x?]) i

x6

Problem 533: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jx (a+bArcTanh[cx]) (d+eLog|[f+gx?]) dx

Optimal (type 4, 512leaves, 22 steps):

b(d-e)x bex beﬁArcTan[%] b (d-e) ArcTanh[c x]

- + - +
2c c cVg 2¢?
1, 1
—dx* (a+bArcTanh[cx]) - —ex® (a+bArcTanh[cx]) -
2 2
> 2c<\/7—\/gx)
be (2 £ +g) ArcTanh[c x] Log[lfcx} be (c?f+g) ArcTanh[c x] Log| N T) e

+
2

c’g 2c?g

ZC(\/TM/EX)
[cV=F Vg ) (trcx) bexLog[f+gx’]
+

be (c?f+g) ArcTanh[c x] Log]|

2c’g 2¢
be (c2f+g) ArcTanh[cx] Log[f+gx?| e (f+gx?) (a+bArcTanh[cx]) Log[f +gx?|

+ +

2c’g 2g

ZC(\/T—\/EX)

5 _
be (C f+g) PolyLOg[Z, 1 (cﬁ*ﬁ) (1+c x)

be <c2f+g) PolyLog[z) 1- 1+2cx}

2c%g 4c%g

2¢c (\/TH/EX)
(C \/TH/E) (1+c x)

be (c2f+g) PolyLog[2, 1-

4c’g

Result (type 4, 1145leaves):

2bcdgx—6bcegx+2ac2dgx2—2ac2egx2+4bce\/?\/EAr‘cTan[\/Ex} -
4c’g VE

2bdgArcTanh[cx] +2begArcTanh[cx] +2bc?dgx?ArcTanh[c x] -

c? cgx

2bc?egx?*ArcTanh[cx] -4ibc?efArcSin| | ArcTanh |

2
ccf+g lfcz'Fg

| ~4bc?efArcTanh[cx] Log[1+ e 2ArcTanhlex) | _

] _

cgx

2 f
| ArcTanh|

2
ccf+g ,—CZ'Fg

41ibegArcSin|
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cf
4begArcTanh[cx] Log[1+ e 2ArcTanhiex]] _ 54 b c? e f ArcSin|
c2f+g
Log[ 1 eszr‘cTanh[cx] [CZ (1+e2Ar‘cTanh ) f+ (_1+62ArcTanh[cx]> g-2 —cZ'Fg ]] _
c2f+g
. c2f
ZjbegAr‘cSm[
c2f+g
Log[ e—ZAr‘cTanh[cx] [CZ (1+92ArcTanh ) f+ (_1+62Ar‘cTanh[cx]> g—2 —CZ'Fg ]] 4
c’f+g

-2 ArcTanh[c x]

2bc?efArcTanh[cx] Log| e

c2f+g

(cz (1+e2AreTanhlex]) £ (_1 4 g2ArcTanhlexl) g2 \[_c?fg )} +2begArcTanh[cx]

Log e—ZAr‘cTanh[c x] [CZ 1+ eZAr‘cTanh fFi(-1+ eZAr‘cTanh[c x] g- 2 —cZ'Fg ] +
o | 9) £ FRNETA)
L2 : c? f 1 _2 ArcTanh
2ibc?efArcSin| | Log @ 2ArcTanhicx]
c2f+g c2f+g
2 f
(cz (1+@2AreTanhlex)) £ (-1 4 g2ArcTanhlcx )g+2w/—c2fg)}+21'1begAr‘cSin[ >
C +8

Log|

efZAr‘cTanh[cx] [CZ (1+62Ar‘cTanh ) f 4 <71+e2Ar‘cTanh > g+2 '*CZ‘Fg ]] +

1
2bc?efArcTanh[cx] Log[ ————e 2ArcTanhlex]
c2f+g

c2f+g

(CZ (1+e2ArcTanhlex]) £, (-1 4+ @2ArcTanhlex]) g2 \[_c? fg )} +2begArcTanh[cx]
e—ZAr‘cTanh[cx] [CZ (1+(eZAr‘cTanh ) f+ <_1+e2Ar‘cTanh > g+2 '—CZ'Fg ]] +
c2f+g

2ac’eflog|[f+gx*| +2bcegxlog|[f+gx?| +2ac’egx®Log[f+gx?] -
2begArcTanh[cx] Log[f+gx2] +2bc?egx?ArcTanh[c x] Log[f +gx?] +

Log|

2be (cz-F+g> PolyLog[ @ 2ArcTanh(c ]} -
(eszrcTanh[cx] (—c2f+g—2 ;_cz.,:g )
be (c*f+g) PolyLog|2, ] -
c2f+g
e—ZAr‘cTanh[cx] [7C2‘F+g+2 /7C2‘Fg ]
bc?efPolylLog|2, |-
c’f+g

e—ZAr‘cTanh[cx] (—c2f+g+2 '*CZ‘Fg )

c2f+g

]

begPolylLog|2,

| 51
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Problem 534: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bAr‘cTanh[c x]) (d+elog[f+gx?]) dx

Optimal (type 4, 599 leaves, 28 steps):
c (v -F -Vg x

2ae\/?Ar‘cTan{ﬁ—X] be+/-f Log[1-cx] Log| ]
-2aex+ VE -2bexArcTanh[cx] + ST
Ve 2Vg
VF VE x ¢ [VF VE x
be_f Log[1 Log| M e V—F Log[1 L
e og[1+cx] Log| N }ere og[1+cx] Log| N }_
2+/g 2+/g
c (v -F +/g x
be+-f Log[l-cx] Log[ T ovE } beLog[l—czxz}
- +
2/g c
bLog[g—(%zxz)—} (d+eLog[f+gx?])
x (a+bArcTanh[cx]) (d+eLog|[f+gx?]) + S +
2c¢C
be~/_f Polylog|2, - L& d=cx) be~/_f Polylog|2, Y& 1-=cx)
yLog| C\/T—\E} i yLog| cﬁ+v§]
2Vg 2Vg
be_f Polylog[2, - YB1«cX | pe/f polylog|2, YELlcx & (frgx)
e oly og[ c\/jfﬁ} ) e oly og[ cﬁﬂ/g] . beP01yL0g[2: 2 fig }
2\/g 2+/g 2¢
Result (type 4, 1251 leaves):
X
2ae\/?Ar‘cTan[3E—f ] bdLog[1-c2x2]
adx-2aex+ +bdxArcTanh[c x] + +
@ 2c¢C

Log[1-c2x?|

aexlog[f+gx?| +be |xArcTanh[cx] + Log[f +gx?] -

2c

1, | [‘tog[-+x] -Log[2ix] +Log[1-ctxt] Log[f g
—beg < c .
C zg

Log[—%+x] Log[1 - e W;X» | + PolyLog|2, @:‘;—X)—
N Tl

+

2g



Log[—%er} Log[l—
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—(—M _L: ] +PolyLog[2, —(—M o ]

iVF-YE iﬁ—@
2g :
Log[l+x] Log[l— e 7“;] +PolyLog[2, Ve [
¢ —]'1\/7+\/g —J'l\/?*'Vg
2g :
Log[® +x] Log[1 - Ve 7“;} + PolylLog|2, e 7”;}
¢ J'L\/?Jr\/—g J'l\/?Jrvg
2g .
1
—be |[4cxArcTanh[cx] -4 Log[———| +
2¢ A
2 NEEY:
lw/cz-Fg -2 i ArcCos | +g]Ar‘cTan[ cex | +4ArcTan| c g]Ar‘cTanh[c
g c2f+g Cfg cgx
X 2c2f(g+jm/c2fg) (1+cx)
Ar‘cCos[7C f+g]—2Ar‘cTan[ ceXx ] Lo [ ]
Z'F &
cTre N fg (c2f+g) (c2f+icdc2fgx
5 cex ZCZF(ig+«/c2Fg) (-1+cx)
Ar‘cCos[_2 +g] + 2 ArcTan | g || Log|
c“frg \Jcifg (c2f+g) (—ic2f+c«/c2fg x)
2 e
ArcCos | fre ]+2 ArcTan | | +ArcTan i]
C F+g Z'Fg
\/_ @-ArcTanh[cx] c2f g
L ]+

ArcCos |

2

—cf+g
Cz'F+g

Og
\c2f+g \/ 2f_g+ 2F+g) Cosh[2 ArcTanh[c x] ]

\Jc2fg

cgx

| -2 |ArcTan|

A / eAr‘cTanh [cx]

Z.Fg

| +ArcTan|

cgx
——]

c2fg

L

] +

Og
\c2f+g \/ 2f_g+ 2F+g) Cosh[2 ArcTanh[c x] ]

x] -

|+
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[—czf+g—2j«/c2fg) [jc2f+c«/c2fg X

i |-PolyLog|2, ] +

(c2f+g) (—jc2f+c«/c2fg x)

(—c2f+g+2jx/c2fg] (]'LCZ'FJrC\/CZ'Fg X
(c2f+g) (—J‘lcz-FJrc«/cz-Fg X

]

PolyLog [2,

Problem 536: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bAr'cTanh[cx]) (d+eLog[f+gx?])
2

X

Optimal (type 4, 613 leaves, 28 steps):

V-
2ae\/EArcTan[£ﬁ—x} 7be\/EL08[1—CX} LOg[ccﬁ@X ] .
VE 2+/-F
¢ (VTF Vg x c [/-F +/g x
L 1 L L 1 L
be+/g Log[l+cx] Log| N ]_be\/g og[1+cx] Log| T Vs ]+
2~/ -F 2V -f
c(vV-f /g x
be+/g Log[1l-cx] Log| TS ] (a+bArcTanh[cx]) <d+eLog[f+gxz])
_ +
2+/-f X

2

1-c2x?
lbcLog[—ng] (d+eLog|[f+gx?]) _lbcLog[w
2 2

d+elog|f+gx?]|) -
P ] (d+eLog[f+gx*])

be\/EPolyLog[z, —M] be\/gpolymg[z) M]
+

cV-F g cVF g
2V F 2VF
be Polylog[2, - YE-1:<X ] p /g polylog[2, VB 1wl
\/g PolyLog| Cﬁ’@]+ g PolyLog| cﬁ+r]7
2+ -F 2+/_F
c? (f+gx?) g x2

}+1bcePolyLog[2, 1+

1
~bcePolylog|2,
2 c2f+g 2

)

Result (type 4, 1226 leaves):
ﬂ b dArcTanh[c x]

+bcdLog[x] -
X X

ZEArcTan[ﬁ—x] Log [ f 2
lbchog[l—c2x2]+ae VE og|f -gx] +
2

\/? X
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lbe ) (2ArcTanh[cx] +cx (-2 Log[x] +Log[1-c?x?])) Log|f + g x?] “2c [Logix]
2 X
Log{l—jl\/gx]JrLog[lJr \/EX] +PolyLog[2,—i\/EX]+PolyLog[2, & X] +
F F F I
1 c(\/?—jm/gx) 1 c(\/?—jm/gx)
c |Log[-~+x] Log] | +Log[ = +x] Log| +
c cVFf -ig c cf +ig
c(VFf +iVg x
Log[71+x} Log | ( )] Log[fl+x]+Log[l+x]fLog[17c2x2]
c cVFf +ivg c c
1 cvg [L+x
Log[f+gx2} +Log[1+x} Log[l— M} +PolyLog[2, (C)] +PolyLog[
c icVFf +g icVf +/g
i -1 i -1 i 1
2, iVe | +CX)}+PolyLog[2,—1\/E< +CX)]+PolyLog[2, ]H/_g(—+cx>] +
cVFf -ivg cVFf +ig cVFf +ig
2f+g cgx cf
cgl21 Ar‘cCos[i] ArcTan| ————] -4 ArcTan| —— ] ArcTanh[cx] +

1
;Cz.‘:g Z'F'*'g /CZ'Fg / c2fg x

Ere Cox 2icf(1g+x/ 2-Fg) -1+cx)
g}+2Ar‘cTan[ & || Log|

2
f-e c2fg (c2f+g) (C'F+Jl\/ fg x
2

o Cox 2cf[g+1x/ 2-Fg) 1+cx
_2 +g}—ZAr‘cTan[ & || Log]
cfreg \Jcifg (c2f+g) [C'F+]l\/ fg x

ArcCos |

ArcCos |

-c2f+g cf cgx

ArcCos | 2 | +2 |ArcTan| ——————] + ArcTan]| ]
c“fg \Jc2fg x \Jc2fg
\/7 e—Ar‘cTanh [cx] c2f g }

L _

Og
\Jc2f+g \/czf g+ 21"+g)Cosh[ZAr‘cTanh[cx}]

-c2f+g cf CgX
ArcCos | | -2 |ArcTan| ——————] +ArcTan| ]
c?fg \Je2fg x N2 fg
ArcTanh cx] ./ Z.F
L g }+

Og
\Jcfg \/sz g+ (c?f+g) Cosh[2ArcTanh[cx]]
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pc2f+g_sz:7?;)(jcf+vc7ng
(c2fg) (-uhmx
Lc2f+g+ZjJ:?;;)(jcf+vc?;gx
(éf+g)ﬂicf+vﬁz?;x

i [Polylog|2,

] -

PolylLog [2,

]

Problem 537: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J(a+bAr'cTanh[cx]) (d+eLog[f+gx?])
3

X

Optimal (type 4, 470 leaves, 20 steps):

bce\/EArcTan[%} ) aegLog[x] ) be (c?f+g) ArcTanh[c x] Log[lfcx] .
JE f f
be (c2f+g) ArcTanh[cx] Log| 2¢ [VF e 4
(cﬁ—r) (1+c x)
2f
be (c*f+g) ArcTanh[c x] Log| 2¢ [V ¥l ¥
[cV=F Vg ) (1rcx) aeglog[f+gx?] bc(d+elog|[f+gx?])
- - +
2f 2f 2 X

b ArcTanh d Log | f 2
lbczAr‘cTanh[cx] (d+eLog[f+gx?]) - (a+bArcTanh[cx]) (d+eLog|[f+gx?]) )
2 2X2

be (c2f+g) Polylog[2, 1- —>—]

l+cx

begPolylog[2, -cx] begPolylLog[2, cX]
+

2f 2 f 2f
u(ﬁ-@x) 2c(ﬁ+\/gx)
2f PolyL 2,1- 2 f PolyL 2,1-
be (C +g) oly Og[ ’ (cﬁ—\/?) (1+cx) be (C +g> o Og[ ’ (CW/TME) (1+cx)
+
4f 4 f

Result (type 4, 1211 leaves):

72adf—2bcdfx+4bce\/?\EXZArcTan[\Ex
4 f x? NES

} -2bdfArcTanh[cx] +

2
cf ]ArcTanh[i

2
ccf+g ,—CZ'Fg

2bc?dfx?ArcTanh[cx] +41ibc?efx?ArcSin|

] +
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2
cf ]Ar‘cTanh[i} +
c2f+g '—cz'Fg

4begx*ArcTanh[cx] Log[1 - e 2ArcTanhlex)]

41ibegx®ArcSin|

c2f
4bc?efx?ArcTanh[cx] Log[1+e 2AcTanhiexl] 4 54 b c? e f x? ArcSin| ;
ccf+g
Log e—ZAr‘cTanh[cx] [CZ 1+ eZAr‘cTanh fi(-1+ eZAr‘cTanh[c x] g- 2 —CZ'Fg ] 4
= | 9) £ o2 g |
c2f
2ibegx?ArcSin|
c2f+g
Log[ 1 (eszr‘cTanh[cx] 2 (1+82ArcTanh ) f+ (_1+62Ar‘cTanh[cx]> g_z —CZ'Fg ]] _
c’f+g

-2 ArcTanh[c x]

2bc?efx?ArcTanh[cx] Log| e

c2f+g
2 (14 @@AreTanhiex]) £, (14 @2ArcTamhicx]) g2\ fg )} -2begx?ArcTanh[c X]

Log[c2f+ge—2ArcTanh[cx] [CZ (1+‘82Ar‘cTanh ) f 4 (_1+62ArcTanh[cx]> g_2 I_CZ_Fg ]] _
c2f
2ibc?efx?ArcSin|
c2f+g

Log[c2f+ge—2ArcTanh[cx] [CZ (1+e2Ar‘cTanh ) f 4 (_1+62ArcTanh ) g+2 I_CZ_Fg ]] _
. 2 . c f
2ibegx Ar‘cSm[

c2f+g
Log[c2f+ge—2ArcTanh[cx] 2 (1+e2Ar‘cTanh ) f+ (_1+62ArcTanh ) g+2 /_CZ.':g ]] _

-2 ArcTanh[c x]

2bc?efx?ArcTanh[cx] Log| e

c2f+g

2 (14 @@AreTanhiex]) £ (_1 4 @2AreTanhlexl) gy 2 /-’ fg )} -2begx?ArcTanh[c x]
; e—ZAr‘cTanh[cx] [CZ (1+62Ar‘cTanh ) f 4 (_1+62Ar‘cTanh ) g+2 I_CZ_Fg ]] +
ccf+g

d4aegx’log[x] -2aeflog[f+gx?| -2bcefxlog|[f+gx?| -2aegx?Log|[f+gx?| -
2befArcTanh[c ]Log[f+gx2]+2bc2e-Fx2Ar‘cTanh[cx]Log[-FJrng}—
2bc?efx?Polylog|2, —e 2ArTanhicx] ] _ 2 pegx?Polylog|2, e 2ArcTanhicx] |

e—ZAr‘cTanh[cx] (*CZ‘FJrng '*CZ‘Fg)

2f+g

Log|

bc?efx?PolyLog|2,

]+
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(efZAr‘cTanh[cx] [—c2f+g—2 /_Cz.,:g ]

begx?Polylog|2,

} +

c2f+g
e—ZAr‘cTanh[cx] (—c2f+g+2 ;_Cz.Fg )
bc?efx?Polylog|2, |+
c2f+g

e—ZAr‘cTanh[cx] [*CZ'FJrngZ /7c2fg ]

c2f+g

begx?PolylLog|2,

]
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Summary of Integration Test Results

538 integration problems

A - 472 optimal antiderivatives

B - 9 more than twice size of optimal antiderivatives
C - 47 unnecessarily complex antiderivatives

D - 8 unable tointegrate problems

E - 2integration timeouts



